ASPECTS OF SUPERSYMMETRIC MECHANICS

by
Ziirbiye Capku
B.S., Secondary School Science and Mathematics Education Integrated with Teaching
Physics, Marmara University, 2010

Submitted to the Institute for Graduate Studies in
Science and Engineering in partial fulfillment of
the requirements for the degree of

Master of Science

Graduate Program in Physics
Bogazici University

2015



ASPECTS OF SUPERSYMMETRIC MECHANICS

APPROVED BY:

Assoc. Prof. Dieter Van Den Bleeken — ...................

(Thesis Supervisor)

Prof. Nihat Sadik Deger .. .. ...

Prof. Osman Teoman Turgut ... ... .....

DATE OF APPROVAL: 23.12.2014

i



il

ACKNOWLEDGEMENTS

First and foremost I owe my sincerest gratitude to my supervisor, Assoc. Prof.
Dieter Van Den Bleeken , who has guided me throughout writing of my thesis with his
patience, motivation and knowledge. He had an organized schedule for meeting every
week and always had time to answer my questions about thesis. I am deeply grateful
to him for the excitement regard to teaching, useful comments and remarks. I would
like to thank him for funding me along the thesis by TUBITAK (project no. 113F164).
I am also thankful to him for encouraging the use of correct grammar and consistent
notation in my writings and for carefully reading and commenting on countless revisions
of this text. I attribute the level of my Masters degree to his encouragement, effort

and guideness.

Besides my advisor, I would like to thank the rest of my thesis committee: Prof.
Osman Teoman Turgut, Prof. Ali Kaya and Prof. Nihat Sadik Deger for their insightful

comments and questions.



v

ABSTRACT

ASPECTS OF SUPERSYMMETRIC MECHANICS

Supersymmetry is a space time symmetry which relates bosons to fermions or
vice verca. It requires that for each particle there has to be an anti- particle with
the same mass. Along this thesis some supersymmetric Lagrangian models and their
properties are discussed. One of them is a Quiver Lagrangian model of the classical
system of D-particles connected to each other by light strings. Quiver mechanics is
used in a quantum description of black holes. The Quiver quantum mechanical model
is one of the key ways to understand the thermodynamic properties of large N=2 black
holes in 4 dimensions from the point of view of string theory. In the thesis some
quantum approximations are given to have an effective Quiver Lagrangian similar to
the Lagrangian in a background magnetic field with a Dirac monopole term. Following
it, we discuss the classical properties of the Higgs and Coulomb branches of N=4 Quiver
mechanics and derive Coulomb and Higgs minima of vacua in this thesis. However, we
are addressing the question whether a stable Coulomb Branch can also be obtained,
classically. We use separation of scales and quasi-classical expansion methods to derive
the same effective Lagrangian in a classical way. Separation of scales is the method
of determining the fast and slow fields in the Lagrangian and eliminating the effect of
fastly oscillating fields by averaging them in a long time interval. We aim to get some
time independent effective potentials for slowly changing fields by using the adiabatic
invariant theorem. Quasi-classical expansion describes the bosonic classical dynamics
along with fermionic degrees of freedom. It tells us that the classical solution always
involves Grassmann terms with a quasi-classical solution when the coupling between
bosons and fermions appears in the equations of motion. Therefore, it is a Grassmann

valued function.



OZET

SUPERSIMETRIK MEKANIGIN YONLERI

Stipersimetri boson ile fermiyon arasinda dontisiim iligkisi kuran bir uzay za-
man simetrisidir. Siipersimetriye gore her pargacik ic¢in ayni kiitleye sahip bir zit
parcacik olmalidir. Tez boyunca baz siipersimetrik Lagrange modelleri ele alinmig
ve oOzellikleri incelenmigtir. Bunlardan biri de sicimlerle birbirlerine baglanmig D-
parcaciklarn olusturdugu klasik sistemin Quiver Lagrange modelidir. Quiver(okluk)
mekanigi karadeliklerin quantum mekaniksel yapisin1 agiklamada kullanilir. Bu model 4
boyutta N=2 kara deliklerin termodinamik o6zelliklerini anlamak i¢in kullanilan 6nemli
modellerden birisidir. Quiver sistemini tanimlayan Lagrange denklemi kuantum mekanik
yaklagimlarla, manyetik alan igerisindeki bir pargacigin mekanigini gosteren ve Dirac
monopol terimi igeren Lagrange’a benzer bir efektif Lagrange denklemine dontisiir.
Bu tezde N=4 Quiver mekaniginin Higgs ve Coulomb Branch’lerinin klasik 6zellikleri
tartigilmig ve vakum durumu i¢in Higgs ve Coulomb minimum noktalar1 bulunmustur.
Bunun yam sira, stable Coulomb branch’in klasik yaklagimlarla elde edilip edilemeyecegi
sorusuna yanit aranmigtir. Quantum mekaniksel yaklasimlarla elde edilen efektif La-
grange denkleminin klasik mekaniksel yaklagimlarla da bulunabilmesinin miimkiin olup
olmadigini 6grenmek icin Separation of scales ve quasi-klasik acilim metodlar uygu-
lanmigtir: Separation of scales, Lagrange denkleminde yavag ve hizli degisen alanlari
belirleyip hizla salinan alanin sistem ftizerindeki etkilerini uzun bir zaman araliginda
ihmal etmeyi ongoren bir metottur. Yavasca degisen alanlar icin ise adiabatik invariant
teoremini kullanarak zamandan bagimsiz efektif potansiyeller elde etmek amacglanmigtir.
Quasi-klasik acilimda bir alanin bozonik klasik dinamigi fermiyonik serbestlik dereceleri
ile birlikte tamimlanir. Klasik ¢oziim, hareket denklemlerinde bozon ve fermiyon ¢ifti
oldugunda, quasi-klasik ve Grassmann terimleri cinsinden yazilabilir. Bu nedenle bir

Grassmann fonksiyonudur.



vi

TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . . . . . . . . . iii
ABSTRACT . . . . e iv
OZET . o o v
LIST OF FIGURES . . . . . . . . . vii
LIST OF SYMBOLS . . . . . . . e e viii
LIST OF ACRONYMS/ABBREVIATIONS . . . .. .. ... ... .. ..... X
1. INTRODUCTION . . . . . e 1
1.1. OUTLINE . . . . . . 2

2. Zy GRADED LIE ALGEBRAS . . . . . ... ... ... ... ... ..... 5
2.1. Examples for Grading . . . . . ... ... Lo 6

3. GRASSMANN ALGEBRA . . . . . . . .. .. . 8
3.1. Differentiation . . . . . . . ..o 9
3.2. Imtegration. . . . . . . ... 11
3.3. Complex Conjugation . . . . . . . . . . .. ... ... ... .. ... 12

4. CLASSICAL MECHANICS WITH FERMIONS AND BOSONS . . . . . .. 14
4.1. Noether Theorem . . . . . . . . . . . .. ... ... ... 18
4.1.1. Examples for Noether Theorem . . . . . .. ... .. ... ... 18

4.1.1.1. Time Translation . . . . . . . .. .. .. .. ... ... 19

4.1.2. Noether Theorem with Fermions and Bosons . . . . . . . .. .. 20

4.2. Lagrangian with One Complex Fermion . . . . . . . .. ... ... ... 23
4.3. Lagrangian with One Complex Fermion and a Boson . . . . .. .. .. 24
4.4. Adiabatic Invariant . . . . . .. ... Lo 28

5. SIMPLE SUPERSYMMETRIC LAGRANGIAN . . . . . .. ... ... ... 31
5.1. Supersymmetry Transformations and Conserved Charges . . . . . . .. 32

6. D-PARTICLE IN A BACKGROUND MAGNETIC FIELD . .. ... ... 40
6.1. The Lagrangian . . . . . . . . . . . .. 40
6.2. Supersymmetry Conservation . . . . . . . . . . .. . ... ... ... 41
6.2.1. A Specific Example . . . . . .. ... 47

6.3. Supersymmetry Preserving Solutions . . . . . . .. ... ... ... .. 48



vii

6.4. Interactions Between Two D-Particles. . . . . . . .. ... .. .. ... 50

7. SUPERSYMMETRIC QUIVER MECHANICS . ... ... ... .. .... 52
7.1. Potential And Minima . . . . . . ... ..o 53
7.2. Supersymmetry Transformation . . . . . .. ... ... ... ... ... 56
7.3. Supersymmetry Preserving Solutions . . . . . . .. ... ... ... .. o7

8. SEPARATION OF SCALES . . . . . . . . .. . .. 60
8.1. Fast Perturbations of an Oscillating Field . . . . ... ... ... ... 61
8.2. Separation of Scales for Two Interacting Scalar Fields . . . . . . . . .. 65
8.3. Toy Model of A Scalar Field Coupled to A Fermionic Field . . . . . . . 66
8.4. First Steps Towards The Full Model . . . . .. ... ... ... .... 69
8.4.1. General Case with Interaction Terms . . . . . . . .. .. .. .. 70

9. CONCLUSIONS . . . . . s 75
APPENDIX A: NOTATIONS AND CONVENTIONS . . ... ... ... ... 76
APPENDIX B: LAGRANGIAN OF A PARTICLE IN A BACKGROUND MAG-
NETIC FIELD . . . . . . e e e e 78
B.1. Angular Momentum of An Electric and A Magnetic charge . . . . . . . 79
B.2. Quantization Condition for Magnetic Monopoles . . . . . . .. ... .. 81
B.3. Gauge Potential and Charge Quantization . . . . . . ... .. ... .. 82
B.3.1. The Wu-Yang Monopole . . . . . . . .. ... ... ... .... 84

B.3.2. Charge Quantization From Schrodinger Equations . . . . . . . . 85
APPENDIX C: FERMIONIC TRANSFORMATION . . . ... .. .. .... 87
APPENDIX D: CALCULATIONS FOR SECTON 83 . ... .. ... .... 89
APPENDIX E: IDENTITIES FOR SECTION 84 . . ... ... ... ..... 90

REFERENCES . . . . . . e 93



Figure 7.1.

Figure 7.2.

Figure 7.3.

Figure 8.1.

viil

LIST OF FIGURES

V(¢, z): The potential is unstable around the point x = 0 and ¢ = 0
that obeys the coulomb branch condition. Also, at x = 0 one notes
that the potential is stable at two points of ¢ ~ 4+v/—8 which satisfy
the Higgs branch condition. Increasing x at ¢ = 0 leads to stable
potential. . . . . . ..o 54

V(z): Potential depends on only 2 when ¢ # 0 is a constant. =0
is the stable point. . . . . . . .. ..o oo 55

V(¢): For x =0, ¢ = 0 is the unstable point. However, potential is
stable at two points that correspond to the Higgs branch condition. 55

V(x): lim,_,o, potential diverges and lim, ., it gets a constant



5 83 0 W e

Mij)
Mij

3

n OH = T

g

LIST OF SYMBOLS

Gauge Potential

Magnetic Vector Potential
Magnetic Field

Bosonic Auxilliary Field
Electric Field

Fermionic Auxilliary Field
Magnetic Charge
Grassmann Algebra
Hamiltonian

Adiabatic Invariant
Lagrangian

Mass

Component of The Matrix
Symmetric Matrix
Antisymmetric Matrix
Mixture of Boson and Fermion
Electric charge

Bosonic Momentum
Boson

Super charge

Action

Frequency

Matrix

Variation

Complex Grassmann variable
Grassmann Number

Charge quantization

Spinor

1X



My =

N

SRS SR O < SN

Reduced Mass

Spinor

Fermionic Momentum

Pauli Spin Matrice

Complex Scalar Field
Modified Complex Scalar Field
Modified Matrix

Fermion

Modified Fermionic Field

Dirac Monopole
Zo Graded Lie Algebra
Angular Momentum Density

Momentum Density



Det
qc
QM
SUSY

LIST OF ACRONYMS/ABBREVIATIONS

Determinant of A Matrix
Quasi-Classical
Quantum Mechanics

Supersymmetry

X1



1. INTRODUCTION

Particles are divided into bosons (of integer spin) and fermions (of half-integer
spin). Supersymmetry is a symmetry relating these two kinds of particles. A super-
symmetry transformation turns a bosonic state into a fermionic state, and vice versa.

The super generators (Q obey an anti-commutation:

@|Boson >= |Fermion >,  @Q|Fermion >= |Boson > .

Because they are fermionic operators, they carry spin angular momentum 1/2 and
change the spin of a particle with its space-time properties. Therefore, supersymmetry
is not an internal symmetry but a space-time symmetry.[1]. Up to now, there is no
experimental evidence of supersymmetry in nature. Research for weak scale super-
symmetry has been going on at colliders at LHC experiments, ATLAS and CMS. If it
existed, it would be a spontaneous symmetry since we don’t observe anti particle of
each particle experimentally. But, it has a strong theoretical support which is believed
to solve many outstanding problems in physics. Supersymmetry extends the Poincare
group to a larger space- time symmetry (the Haag - Sohnius - Lopuszanski theorem)
with the contribution of anti-commutation property of fermions. It is a leading can-
didate to explain the physics beyond the standard model. It can provide a solution
to the hierarchy problem that is the mass of the Higgs particle is smaller than the
mass of the Planck mass myeax << Mplanck O in other words, the experimental value of
the Higgs mass is smaller than its theoretical value. Supersymmetry may also explain
the existence of mysterious dark matter particles [2]. It allows the unification of the
Standard Model forces ; provides a connection between the SM forces and gravity;
and is a candidate for the WIMP dark matter when the neutralino is the lightest su-
persymmetric particle (LSP). It provides a solution to the baryon asymmetry of the
universe and is a candidate for the cosmological constant. For quantum gravity which
is the unification of quantum mechanics and general relativity, supersymmetry is used
as a mathematical tool to simplify equations in string theory and allows certain terms

to cancel. Without supersymmetry the equations give some non-physical results such



as imaginary energy and infinite values. Therefore, it carries great hope for future

problems.

Quiver mechanics is used in a quantum description of black holes with string
theory and some quantum approximations are given to have an effective Lagrangian
in [19] similar to the Lagrangian with a Dirac monopole. Following it, we deduce the
Higgs and Coulomb minima of zero energy ground state in this thesis. However, we

claim that a stable Coulomb Branch can also be obtained, classically.

1.1. OUTLINE

The thesis is organized as follows:

In Chapter 2, we try to give a fairly complete presentation of the Z, Graded
Lie Algebras associated with the Grassmann algebra. Bosons take zero grades while
fermions are graded as one. Commutation or anti- commutation property is determined

by grading. We give some grading examples which will be useful along the thesis.

In Chapter 3, we outline the basic properties of the Grassmann algebra. Grass-
mann algebra is a Zs Graded Lie Algebra with fermionic and bosonic subspaces.
Bosons are even Grassmann numbers while fermions are odd. Fermions obey anti

-commutation rule so this gives rise to finite terms in Grassmann expansion.

In Chapter 4, we review classical mechanics with the addition of fermions. We
study the generalized classical Poisson bracket, symmetries and Noether theorem. We
give some Lagrangian examples for fermions and mixed cases. quasi-classical expansion
is introduced, which means a classical bosonic or fermionic field can be expressed by a
quasi-classical solution and fermionic terms. Along the thesis, we will be using quasi-
classical expansion most of the time for the following chapters since the Lagrangian

with the interaction terms always has a fermionic contribution. We review the adiabatic



invariant for a harmonic oscillator and apply the adiabatic invariant formula for a

fermionic system, independently.

In Chapter 5, we study the simple Lagrangian model with mixed degrees of free-
dom and check for the supersymmetry under some given transformations. Supercharges
are the conserved quantities related to supersymmetry and they form an algebra by

Poisson brackets and infinitesimal fermionic transformations.

In Chapter 6, we introduce a Lagrangian for a D-particle in a background mag-
netic field. In particular, the conditions for the supersymmetric Lagrangian are studied
independently in detail . We try to find solutions which preserve the supersymmetry

and give a description of spontaneous symmetry breaking.

In Chapter 7, we study the supersymmetric Quiver mechanics. A Quiver is a
diagram with nodes and arrows. Each node corresponds to a vector multiplet and
each arrow corresponds to a chiral multiplet. There is a unique supersymmtric La-
grangian for them. We search for the minima of the potential that gives us Higgs and
Coulomb branch conditions. Solutions that preserve the supersymmetry are studied,

the supersymmetric ground state is provided by the Higgs branch.

In Chapter 8, we mention about separation of scales. Quantum mechanically
chiral multiplet is eliminated from the Lagrangian and an effective Lagrangian is ob-
tained. We are searching for the possibility of having the same effective Lagrangian by
classical approximations. Our assumption is that time scale fluctuations of the chiral
multiplet is much much smaller than the time scale of the vector multiplet. We con-
sider the vector multiplet in the Lagrangian as a constant and the other chiral modes
oscillate fastly. We try to find a time independent effective Lagrangian which gives the
same equation of motion for slowly changing vector multiplet in time. We use both
the adiabatic invariant theorem and separation of scales for two separate Lagrangian
systems with a scalar coupled to a scalar and a fermionic field coupled to a scalar.
We obtain constant effective potentials and they are similar to the potentials obtained

by quantum approximations. For the most general Lagrangian with the interaction



terms we use a quasi-classical expansion. We obtain linearly independent equations
that can be solved but we come across with the secular terms that the analysis are

more complicated. So we leave the remaining calculations for future work.

Finally, in the Appendix we broadly outline some mathematical tools and deriva-
tions along the thesis. We review some related subjects such as the Dirac magnetic

monopole and charge quantization.



2. Z; GRADED LIE ALGEBRAS

In supersymmetry since we study with bosons and fermions, we must know the
algebra they generate. It is a Zy graded algebra with bosons and fermions as generators.
Graded Lie algebras differ from Lie algebras since they use anti-commutation relations
instead of commutation relations. We say ”graded” algebra because particles are graded
mod 2. We follow [3] in this chapter. Now, we will give some general properties of this

algebra related to this thesis:

A Z, graded Lie algebra consists of a vector space that is the direct sum of two

subspaces Hy and Hy :

H = Hy® H, (2.1)

and a product x: H x H - H

fix g = figy — (=1)l9lFilg; (22)
with the following properties for all f; € H;, g; € Hj, hy € Hy and ¢, 5,k = 0,1 :

(i) fixgj € Hitj moaz
(i) fixg; = _(_1)\fi\lgj|gj * f;
(i) fi % (g5 % ha) (DY gy (B f3) (=)0 4 Ry (f % gg) (—1)1Pellosl = 0

where |..| denotes the grades of the elements that can only take 0 and 1 values in
Zy graded algebra. The elements with grade 0 and 1 are called boson and fermion
and they generate the subspaces Hy and Hy, respectively. When the order of two
elements is changed, sign differs depending on the bosonic and fermionic characters of

the elements:

fig; = (_1)|fi||gj‘gjfi' (2.3)



If at least one of f; and g; is boson, sign doesn’t change because the multiplication of

the grades is zero, which is the ordinary commutation between bosons or boson and

fermion. However; if they are both fermions, it takes a minus sign. This is compatible

with the anti-commutation relation of fermions. Now, consider the product separately

on the two subspaces Hy and Hi:

(i)

(iii)

x: Hy x Hy — Hy, and fy, go € Hyp. Then the product of two bosons is

fo* g0 = fogo — (=1)Mlgo fo = fogo — go.fo = [fo. 90]-

It is antisymmetric and obeys commutation relation.

x: Hyx H — Hy and fy € Hy and g; € H; then we get

fox g1 = fogr — (=1)P19lg, fo = fog1 — g1 fo = [fo, 91]-
The product of a boson and fermion is still antisymmetric and obeys commutation

relation.

x: Hy x H — Hy let fi,9, € H; and we have the product of two fermions:

fixg = figi— ()9l £ = frg+ g fr = {f1, 01}

Contrary to the previous products, it is symmetric and obeys an anti-commutation

relation.

2.1. Examples for Grading

The grading of a multiplication in Z, is the sum of each grades:

\figil = |fil +19;1 4,7 =0,1 (2.4)



When we multiply two bosons or two fermions, they behave like a boson with zero

grade. However, the multiplication of boson and fermion is fermionic:
|fogol = [fol + g0l = |hol =0, |figo| = |P1| =1, |figi| = |ho| =0 (2.5)

The grade of a differentiation operator depends on the bosonic/fermionic variable i.e :

dgo dg0

7| = 10/0fol +lgol =0, |57 1=10/0f1] + g0l = 1

|3fo | / f0| |90| |0f1 | / f1| |90|

g ol

——| =10/0f,| + =1, |=|=[0/0f1] + =0 2.6
|(‘9f0 10/0 fo| + 191] |8f1 10/0f1] + [91] (2.6)

where |0/0fy| = 0 while |0/0f;| = 1. The grading of the sum of bosons |f(z)] = 0

where f(z) =>"", %x” However; in the case of a linear combination of bosonic and

fermionic variables

F(z,g) = fo(z) + Z Z 15 9ii (2.7)

j=1 i=1

where f¢/, fo are bosons and g;;’s are fermions, |F(z, g)| is not well defined.



3. GRASSMANN ALGEBRA

In this chapter we will follow [4-6]. Fermions are particles that require anti-

commuting numbers called the Grassmann numbers. Their algebra is called Grassmann

Algebra. A (n + 1) dimensional Grassmann algebra G on R or C is formed by a unit

1 and generators ¢; with ¢ = 1,...,n that satisfy the anti-commutation relation

It follows that in particular the square of any generator vanishes

07 =0

)

(3.1)

(3.2)

by suggesting the Pauli exclusion principle that one cannot put two identical fermions

in the same quantum state. Another consequence is :

92'191'297;3 Ce an = 57;11'2,..7;”9192 ce Qn
0i16’i2...0i19-m =0 (m>n),

where

+1 if 4;...1, is an even permutation of 1...n

Eitig.in — —1 if 47...4, is an odd permutation of 1...n

0 otherwise

An arbitrary element f of the Grassmann algebra can be expanded as

i<j



0<k<n = i1..ig

where the coefficients fo, fi, fi;,... and f;, ;, are real or complex numbers and do not

k
depend on #;’s. They are antisymmetric under the exchange of any two indices. The

elements of a Grassmann algebra with only one or two generators are

f(0) = fo+ f10 (3.6)

and similarly for two generators

f(01,02) = fo+ fiby + fabl2 + f12010>. (3.7)

We don’t take higher order terms in the expansion because the square of generators

needs to be zero. We can separate the Grassmann Algebra into two subspaces,
G =Gy + Gy. (38)

It forms Z, Graded algebras in chapter 2 with the even and odd number of genera-
tors which are elements of the subspaces GGy and G, respectively. Terms with an even
number of #’s are called Grassmann even or bosons. Their grade is set to be 0. They
commute with each element of the Grassmann algebra while the odd number of gen-
erators are called Grassmann odd or fermions with the grade one. They satisfy the

anti-commutation property among each other.
3.1. Differentiation
In Grassmann algebra it is possible to use two types of differentiation i.e left and

right. For the function (3.7), the derivation depends on whether the variable is on

the left or right of its Taylor expansion. Left derivatives are defined by removing the



10
variable to the left side
0
o f(01,02) = f1 + fi202 (3.9)
00,
Similarly, right derivatives are obtained by removing the variable to the right
0
— |r f(01,02) = fir = fi202 (3.10)
00,
where a minus sign emerges because of the anti-commutation between #; and 6. The

subscripts L and R on the partial derivatives show us in which direction the function

is differentiated. The relation between the right and left derivation is

eik = (_1)k71

)
o |1 O b (3.11)

26, |r O ...
For an odd number of generators both type of derivations are the same but for an even
number they differ by a sign change [7]. In this thesis, the right derivation ,which is
shifting 6; to the right of the monomial, is used. We will not use the |r with 0/06; as
a notation for the right differentiation in the next chapters. The differential operator
acts on a generator from the right and results in a Kronecker delta. The Leibniz rule

takes the form:

9 o6, 08,

It can be generalized as

(03 05) = (0 - 05, )0iiy, — (O - Oiy 00, )0, + -+ (1) (B - 05,) 5,

(3.13)
The chain rule in derivation with respect to Grassmann variables is different from the
usual one; the order of the terms is important. Consider two functions f and g similar

to the function (3.6) where f; = df/06 and g, = dg/00. We can write f in terms of g



11

(fog)(0) = f(g(0)) (3.14)
_ of
= fl(g0)+ 8_g919 (3.15)
— floo) + 5 508 (3.16)

(3.14) is rewritten in another form:

(Fogho+(Foghb=(fogh+ (f o). (3.17)

When (3.16) and (3.17) are matched , one notes that the chain rule is

_ 9y

Here, the function is firstly differentiated with respect to g and then with respect to 6.
The differentiation operators 9/06; and 0,’s satisfy the anti-commutation property. In
[4], the anti-commutation relations are given as

0 0 0 0 0 0

o0; =0, Oigp+ o-0; =0y 1
50,90, " a0, 06, ~ " igg; T 5,0 = % (3.19)

3.2. Integration

The integration over Grassmann variables is identical to differentiation. It can

be defined as

/def(e) = %f(@). (3.20)
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We can write it in this form because the integration of a total derivative gives the

surface term and it is zero

[ do35510) = 166 - 7169 = 0. (3.21)

Also, a derivative of a definite integral is zero 9/96 [ dff(6) = 0. Clearly, the right
hand side of (3.21) and (3.2) vanishes with the square of the differentiation operator.
These three properties require the integration and differentiation are similar. If there

are n generators 5

0 0 0

/d@ldQQ o dB,f(61,0s,...0,)
Some examples are given
0 00
dj = —1= 0df = — =1. 2
fo-gi=o  [on-3 (29
We can generalize it as follows

/91 . 0,d0y .. .d6, = 1. (3.24)

3.3. Complex Conjugation
In Grassmann algebra we can define a complex conjugation similar to the Her-

mitian conjugation for matrices and operators. Hermitian conjugation for Grassmann

generators is given as

0t =9, 4 =o. (3.25)
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In the case of two generators, we change the order and take the complex conjugate of

each term. Some examples are given in [4] :

(00)" = 00 (3.26)
(A1 + pdy) = AT+ Al (3.27)
(A14y)" = AlAl (3.28)

where VA, Ao € G A\ ueC.
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4. CLASSICAL MECHANICS WITH FERMIONS AND
BOSONS

In this chapter, we review some general results with the addition of fermions to a
bosonic system in [7-10]. In some books the mechanics describing such a mixed system
is called Pseudo classical mechanics. Now, consider a classical system with n bosonic
degrees of freedom ¢' = (q; ... q,) and k fermionic degrees of freedom ©° = (¢ ... %y).
The Lagrangian depends on ¢,%) and ¢:

L= L(g',q", ¢, 4" t). (4.1)

The condition for the stationary action is

to .
t
1 (4.2)
where the Lagrangian L is an even Grassmann function. The variational derivatives

with respect to Grassmann variables obey the Leibniz rule. In particular,

) )
J(+#) = §.. _ 4
(Wi(t)w(t) 0;;0(t—1") (4.3)
So one finds
b2 9L . OL_. OL _.. OL _
05 :/ dt(=—0q" + —0¢" + —=oY" + 01)") = 0. 4.4
W)= [ G rod + o+ ol S (1.4

Since the variations 1¢ anti-commute with 1%, one must be careful with the ordering

in the products in the right-hand side. After integration by parts,

t2 doL oL _ d 0L oL _ .
= dt - + )0q" + (——— + oYt | = 0.
/tl (( dt O aqz) ¢+ dt 9y aw) w)




15

Due to the arbitrary d¢* and d¢° the equations of motion are found as

d OL oL

—— = . 4.
Wor = o (45)
d OL oL

— = -, 4.

The canonical momentum conjugated to ¢ and v are found by taking the derivative

of the Lagrangian with respect to ¢* and W

oL oL

PTog T g

s v (47)
The canonical momenta are defined as Grassmann even and odd functions since the
grades of momenta are |p;| = 0 and |r;| = |@/8?| + |L| = 1. The Hamiltonian is found

by using the Legendre transform of the Lagrangian:
H =pig' + 73" — L. (4.8)

It is easy to see the Hamiltonian is an even function of the Grassmann algebra by
checking its grade. Since the canonical momenta and velocities for fermions are odd
and anti-commute with each other, the order of the product of 7; and )" is relevant.
When we change ;9 with ¢)im; = —m;00" sign changes which means, we replace the left
derivatives by the right derivatives. The Hamiltonian equations of motion are derived

from the stationary action by writing the Lagrangian in terms of the Hamiltonian form

[15}7

0S(m ) = 5/ Ldt = 5/ dt(pig'+m)'—H) =0, §q'(t,) = 0’ (t,) =0, a=1,2
t1 t1
(4.9)

Applying the variation inside the integral, one finds

oo 9H . OH .. . ®H_. oH
_/tl dt ((q dpi — pidq" — oG 5q' — 8pi5pi)+(_¢ om; — 0" — 3W6w - amém))
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t2 - 0H OH . . .. OH 0
dt | (¢ — =—)op; — (p; 0q" + (=" — om; + (—7; — o’
[t (6 = G = o G+ (= = Sham o+ (== 5000 ) =0
(4.10)
where the variations dm; and 1% are Grassmann odd and anti-commute with m; and

Y*. The term in the parenthesis must be zero. Because d7; and d¢% are arbitrary, the

following equations of motion should be satisfied

. O0H . OH
. oH . OH
(PEES s Ty = 90, (4.12)

Consider a function F' = F(q,p,m,1,t) on the phase space. Its time evolution along

the trajectory of motion is defined by the Hamiltonian equations of motion:

dF OF OF , OF . Z F,
@ = ol +— aw@d’ (4.13)
OF OF 0H aF OH  OF aH OF 0H

= ot Yogop apog oviom T omou

y={F H}. (4.14)
If F does not explicitly depend on time, then dF'/dt = {F, H}. After replacing F' with

the canonical variables, the Hamiltonian equations of motion can be written in terms

of Poisson brackets:

i = {¢"HY, pi={psH} (4.15)
&i = _{wiaH}v 7‘Ti:_{ﬂ'ia[_[}' (4'16)

More generally, the generalized graded Poisson bracket is defined as follows:

Of 99 1y 99 OF

{f.g} = 6. 9P, —(-1) 36, 9P (4.17)

where ©' = (¢*,¢") and P; = (p;,7;). The grade of the Poisson bracket is the sum of

grades of two functions

{f g3 = [f1+ gl (4.18)



In the case of both bosonic and fermionic variables, it is

_ 9109 __\un9990f  O0f 99 . ain99 OF
Vo =500 =V 008p Tavam, TV apan,

For various cases Poisson bracket can be summarized similar to [10] :

0B10By 0By0By 0B10By; 0By0B
(B1, B} — 10D2 2001 | 05105 2 0Dy

dg dp  Oq Op = O Imy 0P Omy
OBOF OFAB OB OF OF OB

B FY = 5% " Bqop T 0gom,  00om,

OF 9B OBOF OF 0B OB OF
9q0p  0q 0p 900w, 0 om,

OF, 0F, | OF,0F, | OF 0F, | OF,0F,
dq Op 0q Op o Omy, 0P Omy

{F7B} =

{F, R} =

17

(4.19)

(4.20)
(4.21)
(4.22)

(4.23)

The graded Poisson bracket comes from the product definition in Z, graded algebra so

obeys the similar properties in Chapter 2. It has the following permutation property:

{f.g} = —(=1)Vle{g, f}

(4.24)

which is known as the Super Skew Symmetry. As an interpretation, the Poisson bracket

of two bosons or fermion and boson is antisymmetric. However, Poisson bracket of two

fermions doesn’t obey this rule; it is symmetric. The property (4.24) doesn’t hold with

the Poisson bracket of the linear combinations of mixed elements in the Grassmann

algebra. The permutation rule for them is based on the bi-linearity of the Poisson

bracket. Poisson brackets satisfy the following properties:

(i) Graded Leibniz rule:

{f.ght = {f. ath+ (=1)g{f n} = {f, gth + (=1)1"{ £, h}g

(ii) Bi-linearity:

{afi + Bgi,vfa + g2} = av{f1, fo} + ad{fi, g2} + By{gr, fo} + B{ g1, g2}
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(iii) Super Jacobi Identity:

(=YL f g}, By + (=D)VI{{g, b}, £} + (=1 {{n, f},9} = 0
4.1. Noether Theorem

Noether theorem states that if the Lagrangian of a system has a continuous
symmetry, there exists an associated conserved quantity [11], [12]. Symmetry means
that Lagrangian is unaffected by any transformation of the generalized coordinates q,
velocities ¢ and time t. Continuous symmetry requires a continuous constant parameter

denoted by an infinitesimal e.
4.1.1. Examples for Noether Theorem

If q is a cyclic variable, the associated conjugate momentum is conserved.

L L
oL _ . oL

oL _ _ oL _ 4.9
g = = 0 (4.25)

which is the simplest example of Noether’s theorem [11]. In the case of the cyclic

coordinate discussed above, the corresponding symmetry is simply
q(t) = q(t) +¢ q(t) = q(t); t—t (4.26)
The Lagrangian changes at first order in € as follows

oL
oL = L(g+eqt) — Lg,¢;t) ~ 9 (4.27)

which vanishes if an only if q is cyclic. Consider a Lagrangian system with n degrees

of freedom ¢;...q,. Transformation of general coordinates for constant infinitesimal e
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and for functions ~;(t), when time is unchanged,

a(t) — a(t)+ev(t)
Gi(t) — q@(t) +edil?)
t — t (4.28)

is a symmetry. Then it doesn’t affect the Lagrangian

oL oL .

)

We plug Euler Lagrange equations into the variation. It gives us a total time derivation:

d oL
il —~;) =0. 4.30
w2 5 (430
Then the quantity
SN
Vi 4.31
; 9" (4.31)

is a constant of motion or conserved quantity.

4.1.1.1. Time Translation. We shift time by an infinitesimal constant e.

ai(t) = qi(t), G(t) — ¢(t), t—tte (4.32)

This is a symmetry if and only if the Lagrangian does not depend explicitly on time.
When we apply the transformations

oL
L(q,g:t+¢) = L(q,¢;t) + =€, (4.33)

ot
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Lagrangian changes by a factor of (0L /0t)e which vanishes if the partial time-derivative

of the Lagrangian is zero. The total time-derivation of the Lagrangian is

d oL oL . 0L .
—L = + Z(%% + E%)

dt ot - i i
OL  d = 0L
- L AN 4.34
ot dr 9" (4.34)

We are left with the relation dH/dt = —0L/0t. The Hamiltonian is

oL |

H =5 i
9,

~ L. (4.35)

If the Lagrangian doesn’t change under time translations, which means it does not de-
pend on time explicitly, then the Hamiltonian of the system is conserved. Hamiltonian
corresponds to total energy in time independent systems. Therefore, the invariance of

the Lagrangian under time translations yields the conservation of energy.
4.1.2. Noether Theorem with Fermions and Bosons

Noether theorem with fermionic and bosonic degrees of freedom can be derived
by using the transformation properties of the Lagrangian L = L(n,n,t) where n®’s
denote ¢ and ¢¥'. We can find a trajectory of the system in the super-space generated
by bosons and fermions if they are time dependent n® = n®(t). We transform the

trajectory infinitesimally
n®(t) = n(t) + €0%(n,n,t) + O(e?) (4.36)

where the transformation parameter € is either a real or Grassmann variable and ©% =
(On?/0¢). = 0. If € is a Grassmann variable, the transformation is up to €* order
because it is zero. When trajectory is transformed, grades must be also conserved.

Therefore, if the grade of € is given, we can fix the grade of the functions © uniquely.
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Assume that the Lagrangian has the following transformation

L (e, ne, t) = L(ne,ne, t) — E%F(h, n,t) 4+ O(e?) (4.37)
where
: . oL oL . )
L(ne,ne, t) = L(n,n,t) + ea—n@ + ea—n@ + O(€7). (4.38)

We use d/dt(0L/On) = OL/On in the expansion of the Lagrangian and obtain the

variation

d, 0L
—F) = 4.
€ dt(@ 7 ) (4.39)
Then the quantity
oL
=0 —F 4.4
Q=0 o (4.40)

is an integral of motion. Calculating the variation of the Lagrangian under the trajec-
tory variation one finds
drF ., 0L oL

IR (4.41)

Differentiation of the integral of motion is

iQ .,0L _,doL dF ., 0L 0L dF
P e i il i iR il T B )

If the action is invariant under the transformation ©% and a time transformation

t—>te=t+el'  with T = (0t./0€)c—o. (4.43)
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For the corresponding velocity transformation dn

dn®  dn® + edO® pe + O° . .
p0 — € = M O% — Th® + O(e? 4.44
ng . T edl oo n* +e€ eI + O(e”) ( )

We get

on = €(© — Th). (4.45)

Now differently from the previous calculations we change the velocity transformation

and rewrite the Taylor expansion of L(n%,n?t.)

€ %e)

. oL oL oL
L(ne,ne, te) = L(n,n,t) + 8_5t + 8—(5n + %571 +. (4.46)

Inserting 6t,0n and 0n we obtain an equation for F’

dF L. OL ., OL .. ...
%—TL(TL n t)—ET—ana@ _871,‘1(@ —Tn ) (447)

The terms can be split into a total time derivative and a sum containing the Euler-

Lagrange equations

oL 9L doL
gpa) T I =05 L = i on)

iF( t)—TL+ (Tn*—0")—

= 0.  (4.48)

The expression in the parenthesis yields a conserved quantity () along the solution
n® n® of the Euler-Lagrange equations
oL oL d 0L

Q= F(n",) = TL + (Tit" = 0") 7= & o0 = 2ot =0, (4.49)

Legendre transformation relates the Lagrangian with the corresponding Hamiltonian

L L dH
Lo no, 1) = 2L _ e ne ), ,%—t == (4.50)




Applying these rules to the Noether invariant, we find

0L

Q = TH(n*n%t)—0"— + F(n"1).

on®

For F' = 0 the Noether integral of motion is

4.2. Lagrangian with One Complex Fermion

23

(4.51)

(4.52)

As an example to a classical system which has only one complex fermionic degree

of freedom, consider the Lagrangian describing the system is

L= (b — ) — vidw

(4.53)

where Vi is a bosonic function. First we should check the reality condition on the

Lagrangian by taking the hermitian conjugation. We change the order of the product

and then take the complex conjugate:
i - . _
Lt = (G =) - Viv)!

(Tt — ity — Vigtept
(0 — ) — Vi)

i
2
i
2
which is L itself. The equation of motion for the Lagrangian :

b—iVig =0 ==y

where 1y is the initial fermion. The momentum is

(4.54)

(4.55)

(4.56)
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Plugging them into (4.8), we obtain

H = == jub = S0 - 0) + Vidw
= Vigd (4.57)
= Viddo (4:55)

Since vy is a constant, Hamiltonian is a constant. Again, this result proves that

Hamiltonian is really the conserved quantity of the system.
4.3. Lagrangian with One Complex Fermion and a Boson

The simplest non trivial example of a classical system with bosonic and fermionic

degree of freedom is described by a Lagrangian given in [13],[14].

1

L= 3 = Va(e) + 5 (5 — ) = Valw) (1.59)

where Vj(z) is a bosonic potential and Va(z) describes a coupling between the boson

and the fermion. The equation of motion for x
i+ V{(x) + Vy(z)p = 0. (4.60)

Equations of motion for fermion are

Y —iVa(x)p =0 and o +iVa(x)h = 0. (4.61)

With the initial conditions 1(0) = 1y, ¥(0) = vy fermionic solutions are

(1) = doe V) and - p(t) = et o MV, (4.62)
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One notes that the multiplication of fermion with its complex conjugate is a constant

which is ¥(t)(t) = 1gtbo. So (4.60) can be rewritten as

&= —V/(x) = V5 (x)dotbo. (4.63)

We look for a solution like

2 (t) = wee(t) + q(t)thotbo (4.64)

where x,.(t) is the quasi-classical solution that describes the bosonic classical dynamics
along with fermionic degrees of freedom[14] and z.(t), ¢(t) are real functions. The
quasi-classical expansion tells us that the classical solution always involves Grassmann
terms with the quasi-classical solution. It is a Grassmann valued function because of
the coupling of boson and fermion. We cut the expansion at the first order of 11
term because the second and higher order terms are zero due to the anti-commutation
of fermions. The classical solution z(¢) and the quasi-classical solution x,.(t) are equal
only for the special initial condition 1/(0) = 1(0) = 0. For the potential quasi-classical

expansion is

V(x) = V(xge) + V' (24e)a(t)¥otho. (4.65)
The equations of motion become
Fge(t) + Vi (ge) + (G + V' (2e)q + V3 (wge) Jhotho = 0 (4.66)
and

W+ iVa(ge)t) = 0. (4.67)
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We obtain fermion equations in terms of quasi-classical approach as
(1) = e AV (1) = et i V) (4.68)
The Hamiltonian of the system is

H = 20 4 Va(e) + Va(a)doth (4.69)

We can separate it to both bosonic and fermionic part; so the quasi-classical expansion

of the Hamiltonian can be written as
When we put (4.64) in the Hamiltonian, we get

H= %(:ch(t) + @¥otho)® + Vi(age) + V/(2ge) qoto + Va(ge) oo (4.71)

After eliminating some terms we are left with the final result

H = 382.(0)+ Vi) + (@elt) + Vi gda + Vala oty (4.72)
where

B = 20+ Valrg) and F = (1) + V(g + Valog). (473

E is the usual energy along the quasi-classical path. We can find a solution for ¢(t) in

terms of the quasi-classical solution

1
Tqe(t)

q= (F = Vi(Tge)q = Va(zge)) (4.74)
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From the energy conservation we have 7,.(t) = /2(E — V}) which vanishes at the

turning points. We can solve q(t) by using &, = —V/(z4). Assume

q(t) = e (t) (1) (4.75)

Time derivative of ¢(t) is

Q) = dgelt) f(E) + gD f (1)
- —m’<xqc>%+¢qc<t>ﬂt> (4.76)

It should be the same with (4.74) so we get

fiy = £
- AT )
Doing integration, f(t) is found
f5 = / T e GRS “)
Exact solution of g(t)
=St [apyey o

where ¢(0) is a constant of integration. F' and E are arbitrary constants of integration
but related to the conservation of energy. One should note that when ¢(0) is zero, ¢(¢)
doesn’t vanish due to the integration for ¢ > 0. Therefore, even the classical solution

is real initially 2(0) € R, it will be a Grassmann valued solution.
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4.4. Adiabatic Invariant

Consider an oscillating plane pendulum with a mass. It is pulled up or down very
slowly so that the length of the pendulum changes very little in a period of motion.
The energy of the system is not constant any more since the string length varies with
time. The frequency of the motion changes as well but the ratio E/w remains constant
over a long period. Consider a system with a parameter A which is time independent
initially. After a while A changes so slowly over a long interval time that it behaves like
a constant during the motion. When the value of the parameter is constant, the motion
becomes periodic; slow changes does not alter the periodic motion. The Hamiltonian of
the system is described by the action angle variables (1, ) and the adiabatic invariant
is precisely is the action variable I [15-17]. For the 1-D harmonic oscillator example,

the Hamiltonian is

2

H= 2p—m V(g w(D) (4.80)

When the frequency w changes, energy of the system changes as

. OH .

Assume the adiabatic invariant is

1
[ =— dq. 4.82
5 P pda (4.82)

where the path configuration in phase space is time dependent and given by

p = \/2mE(t) — m2w(t)2q?). (4.83)
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The action is written explicitly

= o om0~ S (4.5
- / VA2 = @dg (4.85)

27

where A% = 2mFE /m?*w?. The adiabatic invariant becomes

I =

g. (4.86)

If we change w slowly, the average of the ratio £/w gives a constant value over a long

period. [ is the function of F(t) and w(t). I changes with time as follows:

) AP:)
= 5Bt o (4.87)

We know the relation between E and w (4.81). On the right hand side terms cancel
each other approximately and we get a constant adiabatic invariant [17]. The average

of I over a period is zero.
<I>=0. (4.88)

Adiabatic invariant for a fermionic system is similar to the harmonic oscillator case.

The Lagrangian is
Ly = i) — x.o0) (4.89)

with 1 is fermion which is vector of Grassmann variables. The energy of the system is

computed as

E = yx.01. (4.90)
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This Lagrangian will be studied in detail when we discuss the toy model later. Solutions

for fermions are

= e TN, (4.91)

They oscillate with a frequency x. Action is the adiabatic invariant.

1
I = — d 4.92
27 E=cons. ™ ¢ ( )
. 2m
VA x — .
= — dt 4.93
A (1.99)
1 2m
= — ha;obdt 4.94
ol MR (1.99)

We immediately see the term inside the integration is the energy. Since it is constant

over a long period, we can take it out of the integral,

27

= — | Eat
2w Jo

—— (4.95)

The adiabatic invariant is

I =Yx.0. (4.96)
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5. SIMPLE SUPERSYMMETRIC LAGRANGIAN

In this chapter [7] and [18] are studied. For the Lagrangian we discussed in
(4.59) an infinitesimal transformation that mixes the bosonic and fermionic degrees of

freedom is given as

Sex = e+ e (5.1)
b = ieA(z,x) (5.2)
Sp = —ieA(x, ) (5.3)

where A is a complex function of &, x and € is a complex Grassmann variable [14]. The

variation of the Lagrangian under the transformations is

0L = ep(—i + A — V] —iVLA) + ei(iw - isz) + c.c, (5.4)

where ”c.c.” means ”complex conjugation”. 1 is an independent variable. The expres-

sion in the first parenthesis is zero. Consider A is a function like
A(z,x) =& + B(z) (5.5)
and plug it in the first term on the right hand side of (5.4)
(B'(z) —iVa)z — V] —iVaB(x) = 0. (5.6)

It is satisfied for B(z) = iV (z). Therefore, the specific form of the potentials V; and
Vo

Vi= V), Va=V(a) (57)
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where V' (z) is an arbitrary function. Now we are left with
Az, z) =2 +1iV(z). (5.8)

The Lagrangian (4.59) becomes

(PR T o
L=g1" =5V ($)+§(¢¢—¢¢)—V(l’)¢¢- (5.9)

The equations of motion are:

P+ V(@)V (@) + V(@) = 0 (5.10)
i) —V'(z)y = 0. (5.11)

The Hamiltonian of the system is

H = %5:2 + %V2(x) + V' (x) . (5.12)

5.1. Supersymmetry Transformations and Conserved Charges

Under the variation of the fields Lagrangian changes by a total derivation :

SL = @60 — V(2)V'(2)6x + — (&w S — S — o) — V' (2) Sz

V()i V(e ww (5.13)
- <% V@4 L V@)D + @)+ Ve @)
el + ViV )+ SV = 50t GV - VEV @)
= LGP+ V@) - e (b - 2V () (5.14)
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This is the total derivation of F' = gzﬁ + %V(m)lﬁ + c.c in chapter 4. Since € is not time

dependent we can take it in the total derivation.

55 = / S+ TVt - / St v
= T+ LV @) [ A~ V@) [0 (5.15)

Due to the zero change of action under the variation of the fields, the system has
a symmetry related to the transformations above which the variation parameter is
fermion. Such a transformation is a fermionic symmetry where o, is the fermionic
transformation. Now, we take the variation parameter depend on time € = ¢(t). Since

¢ and € are two independent parameters, there are two associated integrals of motion.

57 = )+ e —ap— e (5.16)
oY = élic 4 V(z)) + e(id + V'(2)) (5.17)
b = €é(—ii + V(x)) + &(—ii + V'(x)i) (5.18)

Under the variation of the time dependent fields Lagrangian changes as

oL = fc@ e — &) — &) = V(@)V' (@) (e — &) — V" (@) (el — &)t
+%(z(—m Y V(@) + Plici + iei + €V (x) + eV ()i)

5 (i — i + €V (2) + &V (2)i) + belid + V()

—V'(x)e(—id + V(x))p — V'(x)pe(id + V(x)). (5.19)
Let’s separate it to some parts to collect similar terms. Firstly, i) and ) terms cancel:

= (=V(@)V'(2) + V(2)V'(2)) + @ (V(2)V'(z) = V(2)V'(x)) = 0
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Now we get some total derivations :

= —%&V(x) — eV ()i + %Edf’(:c);t + %EéV(x)

id — —.
— —Ea(w‘/(x)e) +ipéV ()
= @é) — %Eéa‘: — %Eei + %@eﬁc + el
3—.. 1d —. 1d —. —..
= —§¢ex — 5@(@”)-6 = —55(@”76.) — Yeéx .
= _% ey — %Eéiw — deR — %éw + ézmw N %W'(ar)w +iepV'(z)d
—5EV (@)
B 1d . .- i_d 1% Z—V ';V
= —§£(ex¢) — ey + 56@( (z)) + 56 (2)¢ — eV (z)y

After plugging them in the Lagrangian, one finds

id— 1d —. . 1d,. id —
0L = =52 (WV(2)e) = 5o (Pie) = 5 (@) + 5 (FV(2)0) + eV (x)
—Péi — i — i€V (z) (5.20)
5SS = {—%EV(.@)E — %Me — %Ea’sw + %EV(x)w}tz
n / {—iéD(id + V(x)) — ie(—id + V(x))}dt (5.21)

First term is zero. Now we are left with
= /(éQ —€Q)dt. (5.22)

where

Q=1v(@—iV(z), Q=(@+iV(x) (5.23)

are super charges associated with the supersymmetry. In addition to this way of finding
charges, they can also be obtained from the formula (4.40). Since € and € are Grassmann

variables, super charges are Grassmann odd functions. (5.23) can be rewritten in terms
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of canonical coordinates (x,p) and (¢, 7y) as

Q = my(p — iV (x)), Q = v(—ip+ V(). (5.24)

They form an algebra with respect to the Poisson bracket. We can find the Hamiltonian

by using the commutator of the super charges

0Q0Q L 0Q9Q 0Q0Q , 0Q 0Q

{Q,Q} 9z 0p | 0w om,  Op Ox T Oy d0 (5.25)
—imy V' (@)(—i)) — mpp V() — i(ip + V(2))(—ip + V(2))
—i(2V' (@) +p* + V(2)?)
—2iH.
In other words, Hamiltonian is related to Noether charges with the formula
i - i~
H = 2{Q.Q} = 5{Q.Q}. (5.26)
and it is automatic that
{Q . H} ={Q,H} =0. (5.27)

In addition to the Poisson bracket method, another way to get formula as an algebra

is the infinitesimal transformation of the supersymmetric generator. For any arbitrary

function fermionic transformation is given as

o f = i{eQ + €Q, f}. (5.28)

Here are some examples that hold with our transformations;

S = i(e{Q, 2} +&{Q, z}) (5.29)

— i(e(—%) - E(—%)) = —tlemy + i€(iy)

= e)— e (5.30)
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0y = ie{Q, ¥} +ie{Q, ¥} (5.31)
0Q . 0Q
= ea—% + zea—w =ie(p — iV (x))
= e(ii 4 V(x)) (5.32)
Sp = &(—iz+V(z)) (5.33)

Time translation in the Lagrangian corresponds to the Hamiltonian as a Noether

charge:

dx = &s, 0 =21s (5.34)
o = s, O =s (5.35)
S = abs, 6 =abs (5.36)

Note that s doesn’t depend on time. Variation of the Lagrangian under the given

transformations :

0L = @0i — V(2)V'(2)0x + %(&M PO — S — po) — V' (2)dxid
V' (x)6¢p — V' ()3pdy)

(o a2 A R I Co D) (5.37)
05 = [ 25— E5h 4 i - o) - vi)dar
= o Y L= ) - Vi@ =0 (5.39)

Assume s is time dependent s = s(t), then the variation of the fields are

§i = is+is (5.39)
S = s+ s (5.40)
S = whs+abi (5.41)
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Under this variation of fields the Lagrangian changes as 6L = s(t)<L(f) + 5(t)(h).

55 — / s(h— fdt. (5.42)

where f stands for the terms differentiated with respect to time and h comes with §
terms. We already know f from the variation of the Lagrangian (5.37). It is enough

to collect the terms with s in the §L to find h .

5L = i + %(&w iy

= 5 + 209 — 290) (543

1 —_ . 1 = ‘2 V 2 ) —_ . = —
o5 = [sta+ 50— o -5+ LEE - L@h - du) + v (540
The Noether charge is
+2 2
H= % + V(Q”) V(@) (5.45)

This is the Hamiltonian of the system associated to time translation as a conserved
charge. Similar to the case of fermionic transformation, time transformation is related

to the Hamiltonian in the following way:

6./ = —{sH, f} (5.46)
_ L HO omoy omo oW o
= oy T 90 om,  Gpox T om0
) of 0 B
— —s(V(:C)V’(:E)a—]J; — iV’(az‘)ﬂwa—;; — pa—i — iV’(a:)zD%) (5.47)



When we take the variation of x and i) under time translation,

0or = sa—H = ST
S - ap -
H .
01 = —sa— = —isV'(x)y = sy
(977'1/,

they satisfy both equations of motion (4.61) and transformations (5.34)-(5.36).

Now, we compute the commutators of supersymmetric transformations.

relation between the fermionic transformation and time translation is

[561 ) 562]f = 5sf'
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The

(5.48)

We mean that once fermionic transformation is applied twice, one gets a time transla-

tion. They act on a bosonic variable, i.e. x

[(51, (52].%’ = 51(52.T) — (52((51%’)
= 01t — G61Y — €1021) + €021

= ix(€160 + €160 — €061 — x€1) + V(T)(€267 — €a€1 — €165 + €169)

(5.49)

We use the anti-commutation relation of Grassmann variables €;e5 + €361 = 0 so one

finds

[(51, 52]13 = 2@(616_2 — 626_1).7.3

(5.50)
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Now commutator of two supersymmetric transformations acting on a fermion is ob-

tained in the following way:

[61,02]9) = 61(029) — 02(01%) (5.51)
= Z'62(61& —av) + eV'(z)(ad — av) — Z'61(621; — &)
—e V' (z) () — &)

= e (i) + V'(@))) — ereaity + V' (2)0) — €261 (i) + V' (2)1))
+e1&(ih + V' (2)ih)

By using the equations of motion in (4.61), some terms cancel each other and we get
01, 021 = 2i(€16 — €26 )1). (5.52)
As one can see, here the commutator of two supersymmetric transformations equals to

the time translation. We can see the relation between them is s = 2i(e16; — e267). (See

Appendix C.)
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6. D-PARTICLE IN A BACKGROUND MAGNETIC
FIELD

In [19] a Lagrangian which describes the classical system of D-particles is intro-

duced

L= %(58 + D? 4 2i0)) — Ux)D + A(x)X + C(x)A + C(x). Ao (6.1)
where the position coordinate x = (x(t),y(t), 2(t)) is bosonic field together with its
fermionic super partner, given by a 2- component spinor \,, o = 1,2 and its complex
conjugate A\* = (A\,)*. D is an auxiliary bosonic variable. A(x),C(x),C(x) and
U(x) are background fields. o = (01,09, 03) denotes the Pauli spin matrices. In this
section we review the model, its physical interpretation and some properties related to

supersymmetry.
6.1. The Lagrangian

The term A(x).x in L is a magnetic coupling term which yields a Lorentz-type
force that is Frorentz ~ X X B and the first term is a position-dependent term. Now we
will find equations of motion and the Hamiltonian of the system. There is no D term

so we easily find

p- Y@ (6.2)
m
Plugging D in the Lagrangian, we have
. 2 — —
L= %(XQ + 2iAN) — U2—T(;:) + A(x).x + C(x) A\ + C(x). A\ A (6.3)
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Equations of motion are :

U*(x)

= Lo — %C’i(x)ai)\ ~ 0 (65)

m
The canonical momenta for both bosonic field and spinors are

p =mi; + Ai(z), T\ = imA. (6.6)

The Hamiltonian of the system

— C(X)A\ = Ci(x) Ao\ (6.7)

6.2. Supersymmetry Conservation

We use some ordering for various terms in the Lagrangian to check the super-

symmetry :
O(x)=0, O(=)=1, O =-1/2, OD)=1, O\ =1/2

so that the order is conserved in the supersymmetry transformations. Let us split the

Lagrangian

1 _.
L = §m(5(2 + D? + 2i)\)) (6.8)

L® = —UX)D+ A(x).x+ C(x)A\ + C(x). o) (6.9)
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The corresponding transformations are given in the following form:

6x = i g —ifo ) (6.10)
SN = x.0f+iDE (6.11)
5D = —X—&X (6.12)

Each part of the Lagrangian L (6.8) and (6.9) has to be supersymmetric to obtain
a totally supersymmetric Lagrangian. Firstly, we search for the L™ invariance under

the transformations.
SLY = m(i;00; + DD + i6AN 4 iXdN) (6.13)
The variation of the Lagrangian under the transformations

LY = imx’ij\oif —imiaEoi\ — mD);\g —mDEN+im(Eoii; — i€D)N+im(i0:6 41 DE)

(6.14)
yields some total derivatives
oLV = z‘mi(j;iX)aig — mi(m)g. (6.15)
dt dt
When plugged in the variation of the action, it gives zero.
6SW = / SLWdt = imiAoi€| T — mDAE|TE =0 (6.16)

Now, we apply the supersymmetry transformations on the L(?) Lagrangian. It requires

some constraints on U, A , C and C to make L(? supersymmetric.

OL? = —QU(x)6x;D — U(2)6D + 0;As(x)dx;2; + Ay(2)02; + 0;C(X)0x,
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We insert the supersymmetric transformations:

= —OU(x)(ihoi& — i€\ D — U(x) (=X — EA) + 0, Ay(x) (iAo ;€ — i€, \)dis
FA; (2)(iIhoi€ — i€, N) + 0,C(2) (iNoi& — i€ AN + C(x)(Eoidy — i€D)A
+C(2)N(Ei0:€ + iDE) + 0;Ci(z) (iAo ;€ — ioiN) Ao\ + Ci(x)(Eoji; — iED)o A
+Cy(x) Aoy (30,6 + iDE) (6.18)

Firstly, we collect the terms with D and equal them to zero.
iDENOU (x)0; — C(x) — Cy(x)0;) +c.c =0 (6.19)
The expression in the parenthesis must be zero
oU(x)o; — C(x) — Ci(x)o; =0 (6.20)
It is satisfied when C(x) = 0 and C;(x) = OU/0x; or in general
C=VU. (6.21)
After dropping C'(x) term , the variation becomes

We rewrite the Lagrangian in terms of total derivations

= % (S\(U(X) +i4;0;)€ + E(U(x) — iAiai))\) — MOU (%)) + 10, A;30:)€

—f(@lU(x)ail — z@lAlxlal))\ + (ZE\O'Jf - ZEO'])\) <8jAll"l + a]CZ<X)5\0'Z)\)
+Ci(x)z1(Eaio A + Aoyoi€). (6.23)
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After collecting terms with 2; and using the Pauli matrices identity

0,05 = iGiijk + 151']', (624)

variation of the Lagrangian takes the form:

= il((—j\alU(X).fl — @'X@lAjaj)f — é(alU(X)Il — l'alAjO'j)A + iS\O'jajAlg
—i€o;0; AN + E(—iey;Ci(x)oj + Ci(x))\ + A(ieq;Ci(x)a; + Ci(x))E)

We collect the terms with A&, €N, 5\0]{, gaj)\ in 2; term and equal them to zero.

(N + EN(=OU (%) + Ci(z)) + iN—01A; + 0, A + eu;Ci(x)) ;€

—if (=0 A; + 0;A; + €4;C5(x)) ;A = 0 (6.26)

The first term vanishes due to (6.21). The expressions in the parenthesis should also

be zero. Therefore, we get

5ilj0z‘(x) = 81Aj — (%Al (627)

We use the identity €;;e5; = 20;, and obtain

1
Ck(X) = §€klj(alz4j — @Al) (628)

where F}; = 0,A,(x) — 0;Ai(z). It is related to the magnetic field B with the formula

1
Bk = §5klej- (629)
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More generally, we can say
B=C=VxA. (6.30)
For that reason, the second and third terms vanish in (6.26). Assume that
2 = Ao ENTN. (6.31)
Then the remaining terms in (6.25) are written again by using z — 27 = 2iIm(z):
i0,Ci(z — 1) = —20;CiIm(\c;ENT; \) (6.32)
Firstly, z is written explicitly
X (0)365X () A = A€ N As(0,)3 (). (6.33)
It is important to change the sign when the order of fermions changes

= —X*NEAs(05)(04)?

-

(6.34)
Use the definition

o _ 1 _ _
AN = AT\ = §qw>\“)\”e°“’ = ])\|26°‘“’ (6.35)

so we find

2= — |\ ¢s(0)5(0:)3 As. (6.36)
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9 and also remember that C; = 9,U.

Let’s define a matrix called M;; = €*7(0;)5(03)?,

Then,(6.32) becomes
2|\*As€50;0,UTm (M) (6.37)
We can split the matrix M;; into the symmetric and antisymmetric parts:
Mij = Mg + M) (6.38)

where Mj;;) is antisymmetric and M;;) is symmetric part of the matrix. Using the same

way, one realizes that 0;C; = 9;C;) is a symmetric matrix since 0j;Cy = 9;0;U = 0.
900U M5 = 90U (Mg + M) (6.39)

The first term on the right hand side is zero. We can write M;;y = My + %Mkkdij.

Using the previous results 0;C; = 0;j€;,10:A;, we get
1
8(j8i)UM(ij) = @eiklakAlM{ij} + gajeiklﬁkAlMiiéij (6.40)

The second term is zero because ;e 0xA; = 0. Now we want to find 9;C;My;;,. The
trace of My;j is zero since My = M) — %Mkk.?) = 0. Define €*(0;), = €o; and
rewrite M;; = ajTeai.

1

J{Tjeai} = O'(TJ-GO'i) — gU%;EUi)@j- (6.41)

We use the property 0'(7;-60'2') = —€dij :

= —E(Sij — %(—36)52']‘ =0 (642)
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and the result is My;;; = 0. Putting this in the equation finally we have
0;Ci M5y = 0. (6.43)
In conclusion, supersymmetry invariance gives us
C=VU=V xA, C =0. (6.44)
When we take the divergence of C, we immediately see it is zero up to singular points.
VC=VU=V.(VxA)=0
We can find a general harmonic solution for U which is

a;
U= Z ot b, (6.45)

)

6.2.1. A Specific Example

A special form of the Lagrangian (6.1) is

R X

P BY-2) (6.46)

m —_ K
L=—(x>4+D?>+2iIM\) — (— +0)D — kA% x —
2(X+ + 2iAN) (2|X’+) kA% x

where the spherical symmetric solution is with r = |x| and the special form of (6.45) is

U= zi +0, A = kA (6.47)
T

9 and k are constants and A? is a Dirac monopole vector potential in section B.3.

The explicit form of the magnetic coupling term is computed for the north magnetic
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monopole vector potential:

AN ¢ — 9y 97

= 11— ) (———— 6.48
o1 () (6.4
In general case for both south and north, it is
o1 Ty — YT
dg _

We obtain the physical potential energy for the position x by eliminating the auxiliary

m

field D from the Lagrangian. Substituting (6.2) which is now D, = = (ﬁ + 0) into

the Lagrangian, one finds

- m . 1 K KX -
L(x, M) = — (%2 + 2i0\) — —(— +0)? — kA% % — Ao\ 6.50
Potential of the system is
1 K KX -
Vix A= —(— + 02+ —— Ao\ .51

6.3. Supersymmetry Preserving Solutions

By symmetry we mean that under supersymmetric variations the Lagrangian and
action of the system remain the same. Equations of motion are invariant. However,

solutions to equations of motion are not necessarily invariant. ! When the effective

!Consider the Lagrangian of a free particle L = mi?/2. Both the Lagrangian and the equation of
motion & = 0 are invariant under rotations. i.e x = ct is a solution to equation of motion but breaks
the rotational symmetry. However, & = 0 is another solution and satisfies the ground state energy
with two possible value either £ = 0 or x = xg which is a constant . The first solution preserves the
symmetry while the second one breaks the symmetry spontaneously.
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potential at the minimum is equal to zero, supersymmetry is preserved. If the Minimum
of the Potential is different from zero, then the ground state is not supersymmetric and
supersymmetry has been broken spontaneously. Ground state energy should be zero
in the case of supersymmetry. When we consider supersymmetric transformations , in
the simplest way a supersymmetric configuration is satisfied with a time independent
x with D = 0 and all fermionic variables are zero A = A = 0. That makes variations
0A = 6\ = 0D = ox totally zero. Also, when we apply those conditions on the

Lagrangian, we immediately see it is zero. For the variation in (6.26)

S\ = (&0, + iD)E = 0,

let’s say M is not an invertible matrix with zero eigenvalues and £ is the corresponding

eigenvector to be determined.

4y +iD @y —id
M =g +iD=|"" ) (6.52)
%1+ ity —ay+iD

Determinant of the matrix vanishes and gives us condition on D and x

detM =0 = D = ~+ig;. (6.53)

For real solutions D = 0 and #; = 0. Therefore, £ is arbitrary. If supersymmetric
ground states energy Q[¢) = 0 where @ = Q(dx,dD,d\) , solutions to equation of
motion are £ = 0, D = 0, A = 0. Even though dx = D = 0 are zero, d A does not have

to be zero, necessarily.

S\ = %.0¢ +iDE # 0

So we wouldn’t have a supersymmetry conservation and got a spontaneous supersym-

metry breaking.
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6.4. Interactions Between Two D-Particles

For two interacted particle the general form of the Lagrangian which is followed

from [19] is given as

2
L=>)" %2 + D? 4+ 2i\N) — UiD; + Ay %, + D (Ciihidj + Cip o)) (6.54)

i=1 ij=1
We use the center of mass terms for the first expression in the parenthesis

X1m1 + Xam my Dy + meoD ML + Mo
Xo = 1My 2 2’ Do = 11 2 2’ Ao = 1A1 2A2 (6.55)
my + moy my + moy my + mo

and plug them in the Lagrangian. We get center of mass term

Lo = W(xg + D2 + 2ido o). (6.56)

Now the remaining part of the Lagrangian is

> g(rfj + D+ 2ihiiNig) + > (~UiDi + Avki) + ) (Ciididj + Cyg.hio\y). (6.57)

] ,J

We add an index i=1,2 to the supersymmetry transformations and now supersymmetry

conditions on the the Lagrangian become

C; =V,U;=V,U; = %(VZ X A; +V; xAy); Cij =0 (6.58)
where
U=y ;—J + 0, (6.59)
T
with k;; = —k;;, and A; is the vector potential produced at z; by a magnetic monopole

with charge {x;;}, at ;. There is a singularity when two particles coincide r;; = 0. We
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can write the second and third parenthesis in the Lagrangian in terms of interaction :
L®=-3"0,D; =Y ryL (6.60)
i j>i
where the interaction term is

in 1 d . 1 B\
1 1)
wherer;; = x;,—x;, D;j = D;—Dj, A\ij = \i— A\ ki; € Z satisfies the Dirac quantization
condition (B.23). The supersymmetric minima of the interaction potential between the

particles are at positions ) . k;;/(2ri;) = —6;
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7. SUPERSYMMETRIC QUIVER MECHANICS

2 The word Quiver, is used in mathematics and physics for diagrams with a num-
ber of nodes and arrows connecting the nodes. The arrows represent maps between
vector spaces associated to the nodes and nodes correspond to D branes. The inter-
section of branes gives rise to particles. The Lagrangian which describes the classical
system of D-particles connected to each other by light strings is given in [19]

L = g(ﬁ + D%+ 20\ — 0D+ | Dy 2 —(x2+ D) | ¢ |> + | F | +iDyb

—px.0) — iV2(PeN — Neh) (7.1)

with x = X9 — X1, ft = mymsy/(my + my) and 6 is a constant. D;p = ;¢ + 1A¢ is
the covariant derivative. A is a non dynamical one dimensional gauge potential and
appears only in covariant derivative. (x, A, D, \) are vector multiplet and (¢, F, ) are
chiral multiplet where ¢ is complex scalar, F' is an auxiliary complex scalar and 1 is a

2 component spinor [19]. Equations of motion for the dynamical vector multiplet are:

2 1-

i+ = ¢ xi+—vosp = 0 (7.2)

1t ft

. 2 _

A+ £61/J¢ =0 (7.3)

1

For the chiral multiplet:

DDy + (22 + D)o+ ivV2iheX = 0 (7.4)
Dytp + izio0 — V2Xep = 0. (7.5)

For the non-dynamical fields:

0+ o
o)

D (7.6)

2Streched strings leads to charged chiral multiplets at the intersection points of branes. The sign
of the charge depend on the sign of the intersection.
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F is an auxiliary field which is /' = F' = 0 but it seems in the Lagrangian.

A LY P60~ 60)

_ 7.7
In addition, we have one more equation that is equivalent to (7.7)
0D — (Dip)dp — i) = 0. (7.8)
7.1. Potential And Minima
We eliminate the auxiliary fields D and F' from the Lagrangian
: 0+ %)? <A 0+ 2 0+ 2
2" M i M p
+itpDyh — X0 — iV 2(PeN — Aethd)
. 2 2 - -
= g( <2+ 2iA\) — (9+|2—¢|) — 2| ¢ |? +iyDw) — Yx.ovp
—iV2(PeN — Nehop) (7.9)
where the potential term is
0+ ¢ %)
Vior) = CEEE Lo (7.10)
= —2+m2|¢|2+|¢|4 (7.11)
2u ¢ 20 '

where mi = x% + 0/ is the mass of the ¢- modes like the stretched bosonic string
masses. When ¢ = 0 and z = 0 which means disconnected branes, the potential energy
is 0%/(2u). Classical ground states of this system can be determined from the local

minima of potential:

oV
= 22 | ¢ P=0=2=0 or |¢[*=0 (7.12)
G = O [9P)=0=G=0 or =6+ |6F). (113
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If & < 0 there are two branches :

1. The coulomb branch: ¢ =0
2. The higgs branch: z =0, 0= — ¢ |?

Stable and unstable conditions are determined by the sign of the second derivations of

the potential:

S s b 200 206 226
o’v. 9%V 9%V — Y 172 1 2 2
60r o008 oaos | — | 2v0 ma S0+2|0 ) +a
’v. 9’V 9%V 1 2 2 142
900z 0606 00b 209 L(0+2]0 ") +a e

Consider the case ¢ = 0 which is the Coulomb branch condition. The only non zero
term is 5853%5 = 0/p + 22 For z* > —0/u potential is stable. Otherwise, z° < —0/pu
and x = 0 yield unstable configuration. At the point z? = —6/u potential gets flat.
Another case with x = 0 and ¢ # 0 conditions give either flat or stable potentials.

This corresponds to the Higgs branch case.

Figure 7.1. V(¢,x): The potential is unstable around the point z = 0 and ¢ = 0 that
obeys the coulomb branch condition. Also, at x = 0 one notes that the potential is
stable at two points of ¢ ~ £++4/—0 which satisfy the Higgs branch condition.

Increasing = at ¢ = 0 leads to stable potential.

The figures below tell us the behaviour of the potential along the separate directions
when we keep ¢ or x constant while the other is changing. A ground state is supersym-
metric if the potential is zero. Therefore, at the classical level only the Higgs branch

satisfies the supersymmetric ground states. This is true for 8 < 0. If 8 is zero, coulomb
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branch provides supersymmetric ground states.

1000 | y

Figure 7.2. V(z): Potential depends on only x when ¢ # 0 is a constant. x = 0 is the

stable point.

4000 A '
\ 7000 [ | { -l -5 G 5 b
\ / \ I | 7 A f
\ 6000 / \ 3000 I \ A SN |
\ 3000 / \ i \ / X f
\ / \ 2000 [ | { -1000 ~ |
\ 4000 / \ / \ / \ |
\ /
i 3000 / \ 1000 I \ j.rj -1500 \\ /
\_ 2000 /-’ 8 / \ / \ /
= + / 2000 \ /
LS o /'; -10 \ B t N, 10 \'\ o \\ ;"
J10 BN S mgb " _ue Treed ¢ A -2500 e

Figure 7.3. V(¢): For x = 0, ¢ = 0 is the unstable point. However, potential is stable

at two points that correspond to the Higgs branch condition.
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7.2. Supersymmetry Transformation

We separate the Lagrangian into vector multiplet, chiral multiplet and interaction

parts:

L= LV,FI + Lo+ L (714)

Corresponding supersymmetry transformations are

A = QN —i€N (7.15)
dr = il —ifa) (7.16)
SN = Xx.0&+iDE (7.17)
0D = —X—EA (7.18)
6 = 2k (7.19)
S = —iv28eDyp — V2x.08ed + V2AF (7.20)
OF = —iV2EeDy) 4+ V2Eo1h.x — 2ifehd (7.21)
Lagrangian with vector multiplets is
Lypr = g(i’Q + D2+ 2iAA) — OD. (7.22)

Supersymmetric transformations on the Lagrangian will give a total derivation

SLypr = p(idi + DD + i6AN 4 iAdA) — 06D
= plit(Mo€ — Eo)) — DONE + EN) + i(3:€0; — iDEA + iX(d0:6 + iDE))
+ONE + EX)

ds, .. 0 d, o, .
= %/\(medi - D+ ;)f + E(;)SA (723)
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In a similar way, Lagrangian with chiral multiplet is
Lo =| ¢ P+ | F [ +igy. (7.24)
The variation is
SLe = 66 + ¢3¢ + SFF + FSF + idgha) + ihda). (7.25)

We use the supersymmetry transformations (7.20) and (7.21) which do not contain

interaction terms in the variation of the Lagrangian.

SLe = V20Eeh + V2petdh + iN2VEF — iv2EE) — v/ 2bet)
+iV2F &) 4+ V20€ed + iV 2EF
— VIS (B + i) (7.26)

We stopped here and didn’t go further. We leave the check of supersymmetry for the

interaction part to people who are interested in.
7.3. Supersymmetry Preserving Solutions

For bosonic solutions all fermionic variables are A =1 = 0. Now Lagrangian is

_ Az _pt 24l
L—§x2+ﬂ(|¢|2+9)2 9M(|¢|2+9) ($2+M(!¢I2+9))|¢!2+|F!2+|Dt¢l2

(7.27)
Equations of motion become
.20
x+;|¢| r = 0 (7.28)
DiDy¢ + (2> + D) = 0. (7.29)

The variation of bosonic variables are automatically zero when we put fermionic vari-

ables to zero 6A = dx = 6D = 6¢ = 0. We need some conditions on fermionic
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transformations to make them zero
O\ = (2,0, +iD)E = 0.

This is the same argument as we did before in section 6.3

0+ o>
il

2, =0, D= 0. (7.30)
Special solution is

=0, 0=—1]¢] (7.31)

which is in agreement with Higgs Branch. Another fermionic transformation (7.20)

should also be zero:

0 = —iv/2EeDyp — V2a0:6€p + V2EF =0 (7.32)

We denote the matrix M = 1Dy¢ — iz;0;6. Explicitly,

7= (D¢ —iz3)¢ —1iZ¢ (7.33)

where z = x1 + ixe. Now, the equation (7.32) is

V2MEe +iV2AF = 0. (7.34)

The eigenvectors are :

£o = and  (€€)q = e = (7.35)
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The matrix equation (7.34) is

(D¢ —ixs)o —iz¢ 527 i F 0 &1 _o (7.36)
—iz¢ (Dy +iz3)o —&1 0 F &2

We get four equations for &, & and & , & as follows

(Dy — i3) s + 1266 +iFE = 0 (
—i2¢€y — (Dy +ix3)¢€) +iF& = 0 (7.

(

(

~

w W

NoIEEN© o)
~— N N~

(Dt + iaﬁ?,)(lgfz - 2'26551 - ZF& =0
iZ0& — (Dy — iz3)9p —iF& = 0

They form a 4 x 4 matrix equation:

iF iz 0 (Dy — ix3)d &1

0 —(Dy + ix3)¢ iF —iz¢ & .
—izo —iF (D, + ix3)o 0 &
—(Dy — iz3) 0 iZ¢ —iF &

Determinant of the matrix is zero when we take F' = 0 and D;¢ = ix3¢ = 0 and = = 0.
¢ is arbitrary. The results derived from the matrix is consistent with the Higgs branch.

In the Higgs branch formalism potential and equations of motion are

V =0 (7.41)
i =0, D=0 (7.42)

It is compatible with the equations of motion and preserve the supersymmetry in the

ground state.
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8. SEPARATION OF SCALES

In [19] Quiver quantum mechanics involves both chiral and vector multiplets. If
we separate the branes enough, chiral multiplets become massive and since the La-
grangian (7.1) is quadratic, chiral multiplets can be integrated out. Then, the effective
bosonic Lagrangian is given in the following form:

Lejp = =(x* + D?) — 0D — svVa?2 + D + kx (8.1)

VYRS

where x = |x| and the masses of the chiral mode ¢ and fermions v are v/z? + D and

x,respectively. Assume x > D. Then, the Lagrangian is written in the following form:

D
Leff = %(X2+D2)—€D—I{ZE(1+2—$2)+HZE (82)
Hoioo 2 R
= = D?) — D(0 + — .
L3+ D) = DO+ o) (8.3)

It is similar to the bosonic Lagrangian with a Dirac magnetic monopole in section

(6.46). Insert D into (8.3):

1 K
D=—-0+— 8.4
O (8.4)
Loy ="t = 9+ 2y (8.5)
2 21 2x
The minimum of the potential is = —x/26 and it is stable solution (see fig:8.1). In our

model we address the question whether classical approximations give the same effective
Lagrangian (8.1) in quantum case or not. Classically , one way is to separate the scales.
The time scale of the chiral multiplet is much smaller than the vector multiplet. We
determine fast and small oscillating fields in the Lagrangian and eliminate the time
dependent effect of fast variables by taking the average of them in a long period and

obtain effective potentials which give the equation of motion for slowly changing field.



61

(35
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Figure 8.1. V(x): lim,_,q, potential diverges and lim,_,, ., it gets a constant value.

8.1. Fast Perturbations of an Oscillating Field

In this section we closely follow the discussion in [20], [21] to understand how to
deal with the fast oscillating fields in our model. Here the force which causes to the
rapidly oscillation is external. In our model there is no external force acting on the
system. Also, we assume there is no certain fast and slow field. The interacting fields
behave as fast and slow oscillator relative to each other. To have a general idea, let’s
have a look at the behaviour of a particle in an external force with a high frequency.
Consider the motion of a particle in a time independent field of potential U. An external

force is applied on the particle:

F(t) = Fsinwt (8.6)

which varies in time with a high frequency w that is bigger than the natural frequency

w > wy = 2w /Ty that is when the particle is only in the U field alone

q=qn(t) — — sin wt. (8.7)

The amplitude of the oscillation

dq = — sin wt (8.8)
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is small due to high frequency. Consider a general system with

H(q,p,t) = Ho(q,p) + V(q)sin(wt + §). (8.9)

Due to the field the particle will move across a slow path and at the same time
execute small but rapid oscillations along the path. We look for a solution that involves

both slow and fast components such as

q(t) = q(t) +&() (8.10)

p(t) = p(t)+=(t) (8.11)

where G(t), p(t) are the slow and £(t) ,7(t) correspond to fast part of the motion. Now,

we expand the Hamilton’s equations in these quantities:

OH, 0*Hy, *H,. 1&H, , 0O°H, 193H,

j+¢& = 12
T+ = ST " oot taogart topt taap . 812
L OHy, 0*H,_ 0?H, 10°Hy ., 9°Hy 1 93Hy
p+m = ——F— — & — =T —— M — ———=

0q 0q? 0qop 2 o 0q20p 2 0qop?

2
—%—Vsm(wt +0) — a—vfsm(wt +9) (8.13)
q

In a long interval of time let us compute the average of ﬁuctuating quantities in
(8.12) and (8.13). The mean value = fo ..dt of £(t) over the period T' = <Z is zero. q(t)
changes only slightly in that time therefore it describes the slow motion of the particle
averaged over the rapid oscillations. The mean values of the first power of £ and 7 are

zero since they describe the sinusoidal motion

<E>=<m>=0. (8.14)
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The next non zero terms in averages are the second power of & and 7. Therefore, the

lowest non trivial order in averages are

. OHy, 1 0°H, 9 9 H, 1 0°H, 9
= - - 1
q 8p+28q26p<§>+8q8p2<§7r>+2 5 <7t > (8.15)
. 0H, 108°H, 9 O3 H, 1 O3H, 9
P = "o “2a@ “5 7 Togop ~TT T2aqop <"
0*V , 5
o < Esin(wt + 6) > (8.16)
The first degrees of freedom:
: 0?H, 0?H,
pu— -1
§ aqapf + o " (8.17)
= A+ Br (8.18)
0?H, 0?H, ov
T = — — — —sin(wt 4§ 1
7 97 8@8}37T 9 sin(wt 4 9) (8.19)
= —C¢t—Ar+ Fe ™ (8.20)

= (8.21)
m g
We have two equations to be solved easily:
iwa = —Aa— Bf (8.22)
iwp = Ca+ A —F (8.23)
with the coefficients
BF BF )
= =— .24
a 5O~ A2 - +O(w™) (8.24)
A+iw)F F
g = __AFWF F ) (8.25)

" BC — A2 — 2 w
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Taking the real part of the solutions with a phase shift ¢

() = —%sin(wt +0) = %%_‘qfa;;o sin(wt + 9) (8.26)
7(t) = —gcos(wt +9) = %%—‘;cos(wt +9) (8.27)
The averages to the lowest order are:
<@> = GGy (825
<rt> = 2—;(%—‘;)2 (8.29)
<Esin(wt +96) > = 2—;%—‘;8;—? (8.30)
<&m> = 0. (8.31)

Substitute the averages into the equation of motion for the slow variables ¢ and p:

. 8Hy 1 0°H, 0V, 0°Hy, 1 0°Hy,0V.,
= — —— 32
1 p g 8@2815(8@ op? y+ 4w? Op? <8q> (8.32)
. 0Hy 1 OPHy 0V, 82H0)2_ 1 0%H, av>2
b 07 4wt 0 ‘0q ' 0p )  4w?9gopE 0q
1 9? ’H
— aiva_Xfaio' (8.33)
2w? 0¢®> 0q Op?
We obtain a new Hamiltonian independent of time
- 1 0*Hy 0V
H(q,p) = Hy(q,p)+— —)% 34
(q,p) 0(@: ) + 5 o )(aq) (8.34)

which gives the same equation of motion for slowly oscillating fields. Thus the motion
of the particle averaged over the oscillations is the same as if the constant potential
V was increased by a constant quantity proportional to the squared amplitude of the
variable field. The important point here is that by using this method we get effective

potentials which are not dependent on time.
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8.2. Separation of Scales for Two Interacting Scalar Fields
For our model consider the Lagrangian is
. /"L .9 S . 2 —
L= 5% + oo — (x° + D). (8.35)

where x and D are slow oscillating fields and remain effectively constant in a long

period. ¢ is the fast oscillating field. Equations of motion are:

66 = 0 (8.36)
b+ (x2+D)p = 0. (8.37)

We assume the real solution for ¢ ~ Acos(vx2+ Dt) and A is the amplitude of the
periodic motion to be determined. Plug ¢ in (8.36):

2x;
4+ 20 A% cos? (V<2 + Dt) = 0 (8.38)
1

The average of the equation of motion over a long period:

2x;
i 2 < A2 cos (VX2 1 Dt) >=0 (8.39)
L

with the average is < cos?(v/x2 + Dt) >=1/2.

A2

Consider z and D are almost time independent, then adiabatic invariant (4.86) is

I = E/w where the frequency w = v/x2? + D is the slowly changing parameter. The

energy of the system is

E = ¢ + w?¢? = 24%0°. (8.41)



We compute the adiabatic invariant

I =2A%w

is a constant. The amplitude is related to the adiabatic invariant as

It is proportional to /1 /w:

A~v ——————
(x2 + D)1/

Therefore, the effective potential is

‘/;ff = \/X2 —|—D

It is consistent with the effective Lagrangian (8.1).

8.3. Toy Model of A Scalar Field Coupled to A Fermionic Field

66

(8.42)

(8.43)

(8.44)

(8.45)

Here, scalar field is coupled to a fermionic field. For a Lagrangian depend on

and =

Ly, = gx2 + Z@E@b — &x.a@b

Equations of motion are

pi; + Yoy = 0

(8.46)

(8.47)
(8.48)
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Now,we assume that 1 is the fast oscillating fermionic field and x doesn’t vary during

the motion. Solutions are

QZ — '(Eoeix'at, w — e—ix.atwo

where 1) is the initial fermionic field. We use the identities:

e™" = cosat + i%;0; sin xt
O'Z'O'j = 5”1 + ieijkak
[O'i, O'j] = 2Z€ijk0'k-

Plug them in (8.47):

sz + woezx.atgie—zx.atwo — 0

where

e™%%ae = (cosxt + it;0;sinxt)o;(cos xt — iTyoy sint).

For the calculations see the Appendix. The result is

i + o (cos(2xt)o; + sin(2xt)e .4 jor, + 2 sin?(zt)&;2p 05 )10 = 0.

Let’ s define

M; = cos(2xt)o; + sin(2xt)ey 2 0% + 2sin’(wt) 220k

and (8.47) becomes

I + IEOMWO = 0.

(8.49)

(8.50)
(8.51)
(8.52)

(8.53)

(8.54)

(8.55)

(8.56)

(8.57)
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x; behaves as a constant since it slowly changes over a long period. When we take the

average of the equation,

,U/(I,’z—i‘ < lﬁoMﬂ/)O > = /L.Tz—i‘ < COS(Z.Tt) > QE()O'Z"(M)—{— < SiIl(Ql’t) > w_Oeijkinjo'k'(bO

+2 < sin®(at) > Y@ dpopby = 0 (8.58)

the second and third term on the right hand side are zero, only the average of the

second order sinusoidal term remains. The equation of motion becomes

[ 4 k.o = 0 (8.59)

Hamiltonian of the fermionic part (8.46):

H = yx.0. (8.60)

Hamiltonian is the energy that is the constant of the motion.

where z; M; = x.0.M; is a time dependent matrix but when multiplied by a unit vector

we realize it gives time independent term which is consistent with the constant energy.

#M; = 3;cos(2xt)o; + 2sin®(xt) ok

= COS2<It)(2’iO'Z' + sinz(xt)iiai = jzgz (862)

Remember the adiabatic invariant for the fermion system (4.95) and (4.96) is

I =%.0. (8.63)
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We can write it as follows:

= Yo My (8.64)
and it is related to (8.57) as
R N

The corresponding effective potential is proportional to

I
Vers = ;|X| (8.66)

Again,we see this result is compatible with (8.1). When the distance x increases, the

frequency of x field in (8.44) becomes

1 1 D
~—/14+D/x?>>~—-(1—— 8.67
~VIF DR (1 - =) (367
The assumption in the beginning of the chapter was x > D so we get the similar
frequency as (8.65). Growing distance leads to decrease in the frequency of x while
the mass and the frequency of ¢ and 1 increase with the distance. In (8.1) Lagrangian
involves only vector multiplets, we have ignored chiral modes since at large distances

they become more massive and oscillate with higher frequency.
8.4. First Steps Towards The Full Model

Let’s see the general Lagrangian (7.1) is Gauge invariant under the gauge trans-

formations

A A =A—a, ¢—=¢=eWp oy =Wy F o F =eOF
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and
Dip — & +iA'¢) = (i + ¢ + iAp — icg)e™ V' = D' Dy
similarly,
Dy — WD)
Insert them in the Lagrangian, it is enough to look at the terms in L® :
L'® = D¢/ D¢ — 2@ ¢ + F'F' + i) D)) — 'k’ — i/ 2§ e\ — Ae)' ') (8.68)

remains the same. When we apply the gauge transformed fields, the Lagrangian doesn’t

change.
8.4.1. General Case with Interaction Terms
Now, we make a change of the fields ¢ and v in the following forms:

¢ = e i/ AW g (8.69)

= et AW (8.70)

So we will not see the gauge potential in the Lagrangian since the covariant derivative

now becomes usual derivative with respect to time:
Dyp =P (8.71)
Lagrangian is rewritten

(X% + D%+ 2id\) — 0D+ dd — (x> + D) 0D + i 0¥ — Va0, — i/2(DTEN — AT D)
(8.72)

I —

RS
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where w? = x2 4+ D. We define a = e\ and treat A as a constant. Equations of motion

are

2 _ _
i
d 4+ wW?d +iv2ar = 0 (8.74)
U+ iz;00¥ +vV2ad = 0 (8.75)

Solutions of the equations can be expressed in the following form

W(t) = (t)e ot (8.76)
where
D(t) = o — V2 / dt'®(t")e™ 7" a. (8.77)
0
Explicitly,
U(t) = —V2(cosat —id'o;sinxt) / dt'®(t')(cos xt’ +id’ o sinat’)a
0

+pge (8.78)

We use the identity #'#70,0; = 1 and get
t t
= —\/5(/ dt' cosx(t — t")P(t') + i:ﬁiai/ dt' sinz(t — P (t"))

‘0 0
+ipe T (8.79)

Plug it in (8.74):

t t
¢4 w'd = 2ia/ dt' cosz(t — t')®(t)a — 2at;0; / dt' sinz(t — )P (t )
0 0

—iv2a cos at — V2a#0:b sin at. (8.80)
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From now on we define Y = Z;0;. The right hand side of the equation involves fermionic

terms so for a solution to this kind of equation we make a quasi-classical expansion of

the @ field :

() = Pgo+ poda + praxa + pa(an)® + Yoarhy + 11axXYo + Ya(arhy)®

+notapy + maaaxy

(8.81)

Some terms are not in the expansion since they are zero or written in the form of other

terms. Here are some identities to calculate the terms in the expansion:

Each term in the expansion are independent.

independent equations:

g'zgqc + W2¢qc -

Go+wioo =
$1+wier =
Pa+wips =
Fo+wiy =
flo +w’ny =

i 4wl =
Y+ wiyy =

Y1+ w271 =

ayaoo
axaaxo
axaa
XX o

axaaxy

0

~+ ©

2@'/ cosx(t —t')
0

2cosxt

—i
t

2@'/ cosx(t —t')
0
t

2@'/ cosz(t —t')
0

0
—\/5 sin xt

22’/ cos x(t — t')Pge
)

t
) / sin 2 (t — ) (t')dt"
0
t

0 (8.82)
—(aa)? (8.83)
—aaaxo (8.84)
—(axo)? (8.85)
—aaay (8.86)

Plug it in (8.80) so we obtain 9 linearly

(8.87)

(¢")dt' (8.88)
(8.89)

t")dt’ —2/ sinz(t — t")p(t)dt"  (8.90)
(8.91)

t)dt' — 2/ sinz(t — )y (t)dt'  (8.92)
t")dt' —2/ sinz(t — t" )y (t)dt'  (8.93)
(8.94)

(8.95)



73

The solutions are:

boc(t) = u(t) = Acosw(t —ty) + Bsinw(t — to) (8.96)
1 . . .
wol(t) = W(—ZLZAwQ cos(t — tg)x — diz Bwsin(t — tg)x)
T Gnwl— S
(e — ) sinw(t —to)(A+ 2w(tB + iB'(z* — w?))
B
2w(x? — w?)
o1(t) = (2% —w?)(242*w? — 24’ 2w* (A + 2wt B)) cos(t — to)w (8.98)

cosw(t —to)(A+ 2w(—tB + A'(z* —w?))  (8.97)

+4w?(Ax cos(t — to)r — Bwsin(t — to)z))
1 .

m@B'ﬁUﬂ —2B'w" — (A + 2wtB)) sin(t — to)w

2 Sln(t — to)l‘

T ar

cos(t — to)x

1) = Acos(t —to)w + B'sin(t — to)w + (8.99)

Y(t) = A'cos(t — to)w + B'sin(t — to)w — 2i (8.100)

xr2 — 2

We will not write the other solutions, since they are really complicated and long. They
have more time dependence because integration involves the solutions with the first

order time terms. The average of ® equation is:

<PD > = < Pyt > +aA(< Ppetpo > + < PoPye >)
(@) (< Pgetps > + < Padge > — < P11 > + < Powo >)
+axa(< dgepr > + < Proge >)
+anhy < Ggevo > +oa < Yodge > +oXa < Fidge >
AP0 < Gt > +(aW0)* < Pgera > +H(W00)? < Tadye >
Faaaho(< geeto > + < Goyo > — < G171 >)
+ihpada(< Fopo > — < F1p1 > + < Todge >)
+oaarho(< Fovo > — < am >)
—%¢0¢0(a0)2(< Moo > + < Yoo > — < i1 > — < T >)
+(oa)*ary < o > +oc(atn)® < Fova > + (o) (athe)? < Farya >
+aaaxtho(< geemn > + < Gon1 > + < P10 >)

+(tho)’axthy < Aum > +orada(< Mbge >+ < J1p0 > — < Jop1 >)
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+oaaxo(< Yoy > + < 1Y >) + Yoxa(@o)? < F1ys >

1 L — — —
—5(@0)*Poxto(< Jom > + < N > + < o >) (8.101)

To find it we used the additional identities and some derivations in Appendix ? :

1

aadyoa = —z(aa) ot (8.102)
_ o 1
aadohoxa = aapoaaxyy = —5(0404)2?%)@% (8.103)
o T 1 -

aaaxhooxa = —§(CY04)2¢01/)0 (8.104)

(ao)*Yoxar = —aaavyoxib (8.105)

(Yoa)’axyo = —aagoaoxi (8.106)

The average for ¥ equation is :
<URY > = < eixtlzfge_ixtlﬁ >

= < (cosxt+ixsin a:t)z/jf((cos xt —ixsinzt)y >

= <y > (8.107)

Let us compute

b = (- V2a / de' (' )e ™7 ) (hy — V2 / 4" (¢") e o)
0 0
_ t t
= totho + 2/ / (accos (' — ") + iaxasinz(t’ — ")) D(E"))dt' dt”
0o Jo

—\/5/ (hoa®@(t') + are®(t)) cos at’ + i (Yo xa®(t') + axye®(t')) sin zt’)dt’
0

For now, we stop our discussion here since it has some secular terms.

3see (E.5)-(E.9)
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9. CONCLUSIONS

In this thesis SUSY transformations are applied on the Lagrangian with a Dirac
monopole term and some conditions on the Lagrangian are determined to preserve
the symmetry. For Quiver and Dirac monopole Lagrangian SUSY solutions are cal-
culated. Under some QM approximations these two Lagrangians are similar to each
other. To get the same result by classical way, we derive adiabatic invariant theorem
for a fermionic and bosonic system and use them in separation of scales. Effective po-
tentials derived from the toy models are consistent with the potentials of chiral modes
in the Quiver effective Lagrangian. For the general Lagrangian with the interaction
term between vector and chiral multiplets we separate the scales: x and A\ are slowly
changing fields and chiral multiplets are rapidly oscillating fields. We plan plugging
the averages of chiral multiplet into (8.73) and (7.3)

2 _ _
Ti+—2;, < PP >4+ <UyU > = 0 (9.1)
o
. 2 _
)\+£e<\11<1>> =0 (9.2)
!

to find effective time independent potentials. The quasi-classical expansion of the
complex scalar field ® gives rise to nine linearly independent equations. However, some
solutions involves problematic secular terms with the periodic oscillation between the
(8.88)-(8.95). Since we should deal with the secular terms which are growing in time,
we decide to stop here anymore and use our results for a future study to find a suitable

solution.
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APPENDIX A: NOTATIONS AND CONVENTIONS

Vectors are written in bold letters. Spinors are denoted by A, fermions are denoted
by 1 and 1. The unbarred spinors have indices down,the barred ones indices up. They

are related through complex conjugation (1,)* = ¥*. The notations are

QZ}X = @Eaon = _onija = _X'J} (Al)

po'x =P (a")axs (A.2)

P = —¢f, ewe"’ﬂ =07, €2=1, €ep=-1 (A.3)
(e)* = 60‘67,05 (A.4)

(Ve)a = Vesa (A.5)

vex = Pacxs (A.6)

For Grassmann variables interchange of order comes with a minus sign.

Ay = <A (A7)

where o = 1,2. We define

j\a = Eaﬁ)\ﬁ, )\a = Gag/_\ﬁ (A8)
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for the supersymmetry conservation section in Chapter 6. The convention here is that

adjacent indices are always contracted putting the epsilon tensor on the left.

AN = |5\|2€aﬁ (A.9)
Some identities:
by = € Xs(10)a = —As€”*(Y0)a = — ety (A.10)
77[)06)\ = /\€¢0 = —6)\77&0 1/_}065\ = 5\677;0 (A]_l)
The o; Pauli matrices are
01 0 —i 1 0
01 = 5 09 = s O3 = (A12)
10 1 0 0 -1
O';L» =0; (A.13)

We assume Grassmann variables interchange under * with no additional minus:

a€Prg = N5(e*)*yh = Negath® (A.14)
()" = —€ap = €sa (A.15)

(of) = og (A.16)

[e7
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APPENDIX B: LAGRANGIAN OF A PARTICLE IN A
BACKGROUND MAGNETIC FIELD

The Lagrangian for a charge ¢ moving in a magnetic field is

1
L= 5mx* + TAx— qo (B.1)
C

where A is a vector potential and ¢ is a scalar potential. Hamiltonian of the system is

defined as
H(p,x)=px—1L (B.2)

with canonical momentum p = mx + 2A. We replace velocities with momenta and

obtain the Hamiltonian

H= o (p— A7 + g0 (B.3)

- 2m

We must now check that Hamilton equations reproduce the Lorentz force law. The

first equation is

OH p;— 1A,

= =8 B.4
%= - (B.4)

The second Hamilton equation is

. OH q q ,  0A, 0¢p

= — = L (p,— LA, — . B.5
p 9z, me (p] s J) oz q B (B.5)

Now plug (10.4) in (10.5) and get

. . 0A; 0

pi = 14,04 _ 90 (B.6)

_‘r —_ .
¢ ox; q(()xi



Now differentiate the first Hamilton equation with respect to time

Yoe Ot c Ox; J

and obtain:

where F; = —124i _ 9% Note that

c Ot Ox; "
0A;  04; 0A; 04,
ox; B Ox; = (90jq = digd )(93:,, — CikChra ox,

we find

q 0A

e . q
mi; = ~€pi€rrg— + qLi
c ox,

Now, we use the identity (V x A); = €;,0; A, to obtain the Lorentz force

mi; = Lk x (V x A)); + ¢E
c
where the magnetic field is B = V x A. More generally it yields

F=

oI

(x x B) + ¢E.
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(B.10)

(B.11)

(B.12)

B.1. Angular Momentum of An Electric and A Magnetic charge

Dirac put Maxwell equations in a symmetric form by adding magnetic monopoles

to the theory. Consider a monopole p sitting at r=0. Similar to the Gauss law for
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electric charge, divergence of magnetic field gives us magnetic charge.
_ 1953
V.B =41%6°(r) (B.13)
c
using the identities V(1) = —476°(r) and V(1) = —% we find

B=9t

crd’

(B.14)

Suppose we have an electric charge ¢ and a magnetic monopole g which are separated

by a distance d along z axis. The field of the electric charge is

E—¢~ (B.15)

gr
B = o (B.16)
g r—dz
B="12 ) B.17
¢ (r2+d? —2rdcosf)3/? (B.17)
Momentum density is
— €0 (—d)(r x 2)
P =¢(ExB)=— . B.18
«(E x B) c qgr?’(?“? + d? — 2rd cos 6)3/2 ( )
Angular momentum density:
T =rxP=-244 £ (rx2) (B.19)
=r = —— . .
e r3(r2 + d? — 2rd cos 0)3/2

We use the vector identity A x (B x C) = B(A.C) — C(A.B) so we have

~

rx (rx2)=r(r.2) —r’2 =r’cos0f — r’3. (B.20)



The x and y components will integrate to zero, using (7,) = cosf. We have

2 2(cos?0 — 1) 5 .
= ——epdz/ / / r2+d2 2rdcos€)3/2r sin Odrdfd¢

change the variable u = cos 6:

+1 1 . U2)
= —quz27r/ / Tt d2 2rdu)3/QdUdr

oo —d
/ 2 2 - 3 er - — o
o (r2+d?—2rdu)’/ d(1 —u?)V/r?2 + d? — 2rdu

where ¢y = 1/4.
B.2. Quantization Condition for Magnetic Monopoles
Quantum mechanically angular momentum is quantized.

L:%i:>2LEZ
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(B.21)

(B.22)
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2
This is equivalent to 249 € Z. If there exists some monopoles somewhere in the universe

c
all electric charges are quantized and the magnetic charge takes discrete values

hen

— 7. B.2
R n e (B.23)

g:

B.3. Gauge Potential and Charge Quantization

The relation between the magnetic field and the vector potential is given by
B =V x A. We define two vector potential on the sphere which is valid for both sides
of the equator. A" is the north and A® is the south part of the sphere. We introduce

AN in terms of components by [5]

N_ 9y N_ _ 9% N _
A = 1 2)’ Ay "t 2) A =0 (B.24)

Using the identity we find magnetic field for the north part

V x AY = —30.(— L) — §0.(— L) + 2[0,(—L—) + 0, ( g—iy_ ) (B.25)

r(r+ z) r(r+ 2) r(r+ z) r(r+ z)
with the help of following derivations and using 0,7 = %, 0,r = %, Oyr = £
gr gr
aZ(T(T+Z)) = —m(2r8ZT+8zm+r),
gy gy
Z(T(r—l—z)) = —m@rﬁzr—i—@rz—i-r)
gr g qx
— - 2
8z(r(7“ + 2)) r2+rz (7"2 + rz)2( rur 8ITZ)’
gy g gy
—) = — 2 B.2
y(r(r + z)) r2+rz  (r2+ rz)2< rOyr + 0,r2) (B.26)
we obtain
2
N 9 qgpf 2 5 5 - 5(92 (22 Z
V x A" = G +TZ)2[<2TT )@+ yg) + 227 4 2z = (2 Y72+ )
_ g (r+2)?% . N afon2 22 z
G ok +y) + (2% + 202 = (* = %) (2 + )
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Finally we obtain magnetic field
N o r
V x A" = 93 + 4mgd(x)d(y)0(—=2) (B.27)

except along the negative z axis (f = 7). The singularity along the z axis is called the

Dirac string. Instead if we choose the south of the hemisphere vector potential is

S =0 (B.28)

This time magnetic field is not defined along the positive z axis (# = 0). The reason

for singularity is

b= J(éB.dS _ /S(v < A).dS = /va < A)dV = 0 (B.29)

In polar coordinates

gsinfsin ¢

AV = B.
* (1 + cos ) (B-30)
AN gsinfcos ¢ (B.31)
Y r(1+cosh) '
AV =0 (B.32)
and similarly,
in @ sin ¢
A5 = SERTERG B.33
’ r(1 — cosf) ( )
in 6 cos ¢
AS = _SERTORY B.34
Y r(1 — cosf) (B-34)
AS = 0. (B.35)
use the polar coordinate €, = — sin ¢Z + cos ¢y
in@ o R gsinf gsinf(1 — cos0)
AV — g sin B _ _
r(1 + cos «9)( sin ¢ + cos ¢ r(1+ cos @) © r(1 — cos?6)
1—

rsind
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in o o ) gsinf gsinf(1+ cosf)
AS _ __ gsin B _ _
r(1 — cos «9)( sin ¢ + cos ¢9) r(1 — cos 9)% r(1 — cos?6)
__g(1+cosb),
B rsing ¢ (B-37)

B.3.1. The Wu-Yang Monopole

Their aim was to define magnetic field with not only one vector field but two
vector fields AY and A®. The equator of the sphere is the boundary between A and
A®. At overlap regions they give the same magnetic field. They are related to each

other by a gauge transformation on the equator § = 7/2 which is

AN A=V
1 —cosf g(1+cosb), . 2p . 1 0 .
AV _ a5 = (U =L =g = B.38
( rsin 6 + rsin 6 o rsin@ed) grsin98¢¢e¢ ( )
where we used V = %ér + %%ég + %snllea%%
AN — A% =29V (B.39)

when we match the two equation, we find V f = V(2¢g¢) which gives us gauge transfor-
mation factor f = 2¢g¢. It is ill defined at € = 0 and 8 = 7. Our Gauge transformation

s

works at only at ¢ = 7. Total magnetic flux is now the sum of two contributions

coming from the north and the south parts.

¢ = ]{(V x A).dS = /N(V x AN).dS + /S(V x A%).dS (B.40)

Stokes theorem yields

gb:j{ AN.CM—]{ As.cuzz]{ (AN — A%).de (B.41)
equ equator equator
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6= V(29¢).de = 4rg, (0= g) (B.42)

equator

as we found before.
B.3.2. Charge Quantization From Schrodinger Equations

For a point particle with electric charge q and mass m moving in the field of a

magnetic monopole of charge p Schrodinger eqn is

L o= APy = Eg(r) (B.43)

2m c

When we apply the gauge transformation on vector potential and wave function
A ALYE ) — ) (B.44)

, we will see Hamiltonian is invariant. We denote the transformed wave function as

Y/ (r) = e1)(r) where 3 is a phase factor. There is no change in (/| H'|¢') = (|H )

(le™ P H'eP|p) = (W|H|¢) (B.45)

We see H' and H are related to each other in that e= H'e"” = H. Now gauge trans-

formed Hamiltonian is denoted by M = (p — 2A’)%. We rewrite e~ ?M"?e? = M?
and it yields

e M e =M (B.46)

So we can write

e (p— TN |) = (p— TA)¥) (B.47)
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(b~ AN ) =7 (p — TA)Y) (B.43)
Momentum operator is p = —thV plugging it in the above equation
BV e () + e7plv) — LA () — IV fel) = plv) — LAl (B49)
After cancellation of some terms

RV B |p) = 19 fe?[y) = 0 (B.50)

hV 3 = %Vf (B.51)

we find the phase factor § = ¢f/hc and rewrite it in the transformed wave function
) — eift 1)) and we already found gauge transformation factor f putting them all
together

%) = e he ) (B.52)

where [¢%) and [¢V) are the wave functions of the southern and northern hemisphere.

If we go around the equator from ¢ — ¢ + 27

—2iqg 4 4migg

wave function must be single valued [¢)° (¢+2)) = [°(¢)) so it requires the condition

dmqg
he

2mn (B.54)

which is qg = "TEC Again we see g and ¢ are quantized.
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APPENDIX C: FERMIONIC TRANSFORMATION

The relation between the fermionic transformation and time translation is given

as

[561’562]f = 5sf (Cl)

(561562f - 662561,}0) = 5Sf (0'2)

—{a1Q +aQ, {eQ + &0, f1} + {eQ + &0Q,{aQ + Q. f}} = —s{H, f}. (C.3)

It is multiplied with a minus sign and the right hand side is obtained by using the

fermionic transformation on a function f,

= {aQ,{aQ + &0, f}} +{a6Q.{eQ + &Q, f1} — {eQ,{aQ + aQ, f}}
—{&Q,{aQ +aQq, f1} (C4)

= a6e{Q.{Q. f1} +aa{Q.{Q, 1} + ae{Q.{Q, f}} + a&{Q,{Q. f}}

—6a{Q.{Q, [}} — a{Q.{Q. f}} — &a{Q.{Q. f}} — a{Q.{Q, /}}

Using the anti-commutation of Grassmann variables €; and e we rearrange it as fallows

= ae({Q.{Q. 1} +{0.{Q. f1) + a& ({Q.{Q, 11} + {Q.{Q. }})
+a6 ({Q.{Q, 11 +{Q.{Q, 1)) + ae ({Q.{Q, 3} + {Q.{Q, £/3}) (C.5)
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ThelJacobi identity is

(—D'HQ.{Q., f1} —{Q.{f.Q}} + (=)' },{Q,Q}} = 0 (C.6)

or

(—D"Q.{Q. 1} +{Q.{Q. f}} = (-)"{{Q, @}, f} (C.7)
where {{Q,Q}, f} = —{f.{Q, Q}} since [{Q, Q}| is zero.

{{Q.Q}, 1} ={Q.{Q. 1} + (-1)H{Q,{Q, f}} == —2i{H, f} (C.8)

(.1} = S0Q 1@ /1 + ()@, {Q. 1)) (©9)

Consider the case that f is a bosonic function, the first and third terms are zero.

a2 ({Q,{Q. f1}) + a&{Q.{Q, f}} =0 (C.10)

and finally we have

(@16 + ae) ({QAQ, f1} +{Q.AQ. f1}) = —2i(a& + aex){H, f} (C.11)

where s = 2i(e16; — €267).
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APPENDIX D: CALCULATIONS FOR SECTON 8.3

The calculations are

/LLEZ 4 ,(Zoeix.ato_iefix.atwo — 0 (Dl)

pi; + ho(cos xt + id;0; sin at)o;(cos vt — idyoy sin xt)hy = 0 (D.2)
i 4 o(cos ot + izj0;sinat)o;(cos wt — iZpop sinat)yy = 0
(s + o(cos?(at)o; — i cos at sinwti; (005 — 0j0;) + sin®(2t) 380 j0508)0 = 0
i 4 o (cos®(xt)o; + sin 20tZj€,0% + sin2(xt)§7jka(5ij +i€ju01)08)o = 0

W + 1/;0(0052@75)0@» + sin 2zt €04 + sin%wt)i@ka;g + isinQ(xt)ijikejik

— sin®(2t) 2 k€ i€ kmOm) Yo = 0

The fifth term drops in the equation. We use the identity €;;€mm = 0;10im — 0jmOik-

(i +1bo(cos? (zt)o;+-sin th:%jeijkak—I—sin2(xt)§7iikak—sinQ(xt)(ﬁjﬁjai—imiiam))@bo =0

and we get

pi; + o (cos(2xt)o; + sin(2xt) €4 jo5, + 2 sin?(zt)&;&p05 )10 = 0. (D.3)



APPENDIX E: IDENTITIES FOR SECTION 8.4

We derived some matrix identities in the last section to compute ® and ¥

109 = €

(Ui)TE = —¢(0y)

TT’(O'Z'O'j) = 2(513

axaao = PXp0a o
_ ~1-2 .
= —€prQ €0 QXpg
_ T\ T
- _(X €>¢I'f€rq
= —Tr(¥") =0
e _ma g
axaoxa = " Xpmn0n?X g0y

_1_9 ~ A
= TEmgQ O EprQ1O2 X' mn Xgr
= —a'a®oqayTr(efyex?)
= —(aa)’

axaay = —aaaxy

90

(E.1)

(E.2)

(E.5)
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One can generalize it to other cases:

axyaxy = —(ay)? (E-8)
axaaxy = —aaqy (E.9)

Clearly, some terms are zero due to the anti-commutation of 2 component fermions:
axalaa)® = aya(ay)?® = axalaaayy) = axa(aaaxyy) = 0 (E.10)
Plug them in (8.76) to get ¥ equation

\/5((/0 Gye cosx(t — t')dt") a—z/qchsmxt—t)dt’xoz

/ pocosz(t —t")dt' —i | prsinz(t —t')dt)aaa

0

c\

t

/ posinz(t —t")dt' + [ p1cosz(t —t')dt ) axaon
0
¢

t
/ Yocosz(t —t)dt' —i [ yisinx(t —t')dt ) aoa

NN

=]

Y1 cosz(t — t')dt" ) agxa

S~

—l—(z/ Yosinz(t —t')dt' +
0

—|—/0 yacosx(t — t")dt' (anhy) o

t
no cos x(t — t')dt’

(z/ nsinx(t — t')dt' +

>~

~+

+z/0 mosinz(t — t')dt’)(a )2%—(/0 m cosx(t — t')dt')(Ga) Xt

—H/ nasinz(t — t')dt' (ay)*xa) + Yo(cos ot — iy sin xt) (E.11)
0

The complex conjugate of ¥ :

= a/gchcosx t")dt'") —zax/qchsmx t")dt")
—l—o‘zo‘za(/gpo cosz(t —t")dt' 4—@/@Z sinz(t —t")dt")
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+o7d>2a(—i/goo sinz(t — t')dt’ —|—/ cosz(t —t")dt")
—I—awoa(/ Yo cos x(t — t')dt/ +z/% sinz(t — t')dt")
+axoa(— /fyo sinz(t — t")dt/ +/ sx(t —t')dt")
+a(oa)? / Fycosz(t — t')dt’ — Po(aa)?( / nisinz(t —t')dt’
+/770 cosz(t —t")dt' — i | fosinz(t —¢')dt")

~doi(aa)’( [ meosa(t ~ )de)

—iax(oa)? / Musina(t —t')dt") 4 1o(cos xt + iy sin at) (E.12)
Collection of the similar matrix terms in averages for the last section of Chapter 8 :

A = xaa+ xgoa + Yavy + aagexa + avoaxa + aoaibo
+1bo (@) * by + @) *Xebo + 1o (athe)* X (E.13)
B = +aa+ (aa)? + aeaa + @y + oe(aa)?

+otoaar + Poada + arh(hoar)® + oa(arhy)? + oo (E.14)

Without coefficients the matrices in the average are:

= oXto + axa + YoXa + aavoxa + aoax + aboaxoa
+o(@a) Xt + dox (@) a + altoa) Xt + Xt + ao
+(aa)? + arhoaa + ay + dotho(aa)? + Yothoaa + poada
+avho(Poa)? + Yoa(aryy)? + oo (E.15)

<UXY > = A+ B+ doxto (E.16)
<P > = A+ B—1hplan)’xvo — vo(arh)’xa + (arh)® + (oa)?
+(Yoar)*(ato)? (E.17)
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